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A GEOMETRIC CRITERION
FOR THE NON-UNIFORM HYPERBOLICITY
OF THE KONTSEVICH–ZORICH COCYCLE
GIOVANNI FORNI
WITH AN APPENDIX BY CARLOS MATHEUS
ABSTRACT. We prove a geometric criterion on a SL(2,R)-invariant er-
godic probability measure on the moduli space of holomorphic abelian
differentials on Riemann surfaces for the non-uniform hyperbolicity of
the Kontsevich–Zorich cocycle on the real Hodge bundle. Applications
include measures supported on the SL(2,R)-orbits of all algebraically
primitive Veech surfaces (see also [BMo]) and of all Prym eigenforms
discovered in [Mc2], as well as all canonical absolutely continuous mea-
sures on connected components of strata of the moduli space of abelian
differentials (see also [F2], [AvV]). The argument simplifies and gener-
alizes our proof for the case of canonical measures [F2]. In an Appendix
Carlos Matheus discusses several relevant examples which further illus-
trate the power and the limitations of our criterion.
1. INTRODUCTION
The non-uniform hyperbolicity of the Kontsevich–Zorich cocycle with
respect to the canonical absolutely continuous SL(2,R)-invariant probabil-
ity measures on the connected components of the moduli space of abelian
differentials was originally conjectured by Zorich and Kontsevich. The con-
jecture was later proved by the author in [F2]. In this paper we develop the
ideas of [F2] and prove a geometric criterion for the non-uniform hyperbol-
icity of the Kontsevich–Zorich cocycle with respect to a general SL(2,R)-
invariant probability ergodic measure. This criterion yields a streamlined
proof of the original argument in [F2] for the case of the canonical mea-
sures. In fact, this paper is an outgrowth of an unpublished note written to
clarify and rectify parts of the original proof of Theorem 8.5 in [F2] (see
also [Kr]) in response to questions of the participants of the Groupe de Tra-
vail in Geometry and Dynamics of the Université de Paris VI during the
academic year 2003/2004. We are extremely grateful to all the participants,
in particular to Artur Avila, Sébastien Gouëzel and Raphaël Krikorian for
their comments and questions. We are also very grateful to A. Bufetov who
encouraged us to formulate and write up the criterion we present below.
Last but not least, we thank A. Zorich and C. Matheus for many fruitful
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discussions about the Kontsevich–Zorich spectrum which lead in particular
to our joint work [FMZ1], [FMZ2] and to the Appendix by C. Matheus at
the end of this paper.
The non-uniform hyperboliciy of the Kontsevich–Zorich cocycle is im-
portant in several applications to the dynamics of translation flows and in-
terval exchange transformations, such as the fine behavior of ergodic aver-
ages and their deviations [Zo1]-[Zo5], [K], [F2], [Bu1], [Bu2]. The non-
vanishing of the second exponent Kontsevich–Zorich exponent is crucial in
the approach of A. Avila and the author to weak mixing for translation flows
and interval exchange transformations [AvF]. While the Lebesgue generic
case is now well-understood, there are only a few scattered results on the
Kontsevich–Zorich spectrum for generic translation flows with respect to
SL(2,R)-invariant probability ergodic measures other than the canonical
ones. Most of these results, for instance [BMo] and [FMZ1] (as well as
work in progress by C. Matheus, M. Möller and J.-C. Yoccoz) are lim-
ited to SL(2,R)-invariant probability measures associated to Veech surfaces
and leave open natural questions such as the non-uniform hyperbolicity of
the Kontsevich–Zorich cocycle for strata of quadratic differentials. Finally,
we should stress that, as far as we can see, our methods cannot yield the
stronger property of simplicity of the Kontsevich–Zorich spectrum, which
was proved by A. Avila and M. Viana [AvV] for the canonical absolutely
continuous measures on the moduli space of abelian differentials. It would
be interesting, in our opinion, to formulate geometric criteria for the sim-
plicity of the spectrum based on Avila-Viana’s approach. However, since
there exist non-uniformly hyperbolic SL(2,R)-invariant ergodic measures
for which the spectrum is not simple, the criterion we propose in this paper
has a somewhat different scope (while of course yielding a weaker prop-
erty). For instance, for a particular sequence of square-tiled cyclic covers,
the so-called “stairs” square-tiled cyclic covers (double covers of square-
tiled ”stairs” surfaces), all the Kontsevich–Zorich exponents of the associ-
ated SL(2,R)-invariant measure are non-zero and all but the top and bot-
tom exponents are double (explicit values for all the exponents are com-
puted in [EKZ1], Appendix B.1). In fact, the non-uniform hyperbolicity of
the Kontsevich–Zorich cocycle for all “stairs” square-tiled surfaces follows
easily from our criterion (see [EKZ1], Appendix C, for the verification of
the main condition of our criterion, the Lagrangian property of the horizon-
tal/vertical foliation introduced in [F2], Definition 4.3, and recalled below
in Definition 3). Other examples of measures on strata of abelian differen-
tials on surfaces of genus 3 with multiple Kontsevich–Zorich exponents to
which our criterion applies have been found by C. Matheus. He communi-
cated to the author that he can prove the following result: (a) all measures
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on H(1, 1, 1, 1) coming from a regular (unbranched) double cover construc-
tion over a square-tiled surface in the stratum H(1, 1) and (b) the measure
on H(2, 2) coming from a certain regular double cover construction over an
L-shaped square-tiled surface with three squares (in the stratum H(2)) have
a double second exponent. The details and the complete argument for case
(b) are given in the Appendix A.1 by C. Matheus at the end of this paper.
In genus 2, the simplicity of the Kontsevich–Zorich spectrum for the
canonical absolutely continuous SL(2,R)-invariant probability measures on
the space of abelian differentials was proved in [F2]. In unpublished work
the author was able to extend this result to all SL(2,R)-invariant probabil-
ity ergodic measures. Later, M. Bainbridge [Ba] was able to establish the
exact numerical values of the second exponent (the only non-trivial one) for
all such measures. Bainbridge result, based on C. McMullen’s classifica-
tion theorem for SL(2,R)-invariant probability measures in genus 2 [Mc1],
implies in particular the simplicity of the Kontsevich–Zorich spectrum.
In order to state our geometric criterion we recall a few fundamental
properties of probability measures invariant under the Teichmüller flow and
introduce a couple of definitions. Let Hg be the moduli space of abelian
differentials of unit total area on Riemann surfaces of genus g ≥ 2. The
space Hg has a natural stratification defined as follows. For any κ :=
(k1, . . . , kσ) ∈ Zσ+ such that
∑
ki = 2g − 2, the subset H(κ) ⊂ Hg of
all abelian differentials which have exactly σ ∈ Z+ zeroes p1, . . . , pσ with
multiplicities k1, . . . , kσ is non-empty. Each stratum H(κ) has the structure
of an affine orbifold locally parametrized by the period map into the rela-
tive complex cohomology H1(S,Σ;C) of the surface S relative to zero set
Σ := {p1, . . . , pσ}. The strata are in general not connected and can have up
to three connected components [KZ].
Every abelian differential ω ∈ Hg induces a pair (Fhω,Fvω) of transverse
orientable measured foliations on the topological surface S of genus g ≥ 2,
called respectively the horizontal and the vertical foliation of the abelian
differential. Such foliations are respectively defined as follows:
(1) Fhω := {Imω = 0} and Fvω := {Reω = 0} .
The transverse measure for the horizontal foliation Fhω is defined by inte-
gration along transverse arcs of the density |Reω|; the transverse measure
for the vertical foliation Fvω is defined by integration along transverse arcs
of the density |Imω|.
We recall that the canonical action of the group SL(2,R) on Hg can be
defined as follows. For any A ∈ SL(2,R) and for any holomorphic differ-
ential ω on a Riemann surface Sω, there exists a unique Riemann surface
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SAω and a unique abelian differential Aω holomorphic on SAω such that
A
(
Reω
Imω
)
=
(
ReAω
ImAω
)
.
The Teichmüller geodesic flow is defined as the action of the diagonal sub-
group {gt} = {diag(et, e−t)} < SL(2,R). It is immediate by the defi-
nition that strata are invariant under the action of SL(2,R) on Hg, hence
under the Teichmüller flow. In addition, it is possible to define a natural
smooth SL(2,R)-invariant measure on every stratum. A fundamental result
by H. Masur [Ma2] and W. Veech [V1], [V2] states that every such measure
has finite mass and is ergodic for the Teichmüller flow.
The Teichmüller flow admits two invariant foliations, W+ and W− on
Hg, which are (locally) defined as follows. The leaves W±(ω) through any
abelian differential ω ∈ Hg, are given by the formulas
(2) W
+(ω) := {ω˜ ∈ Hg|Im ω˜ ∈ R+ · Imω} = {ω˜ ∈ Hg|[Fhω˜] = [Fhω]} ,
W
−(ω) := {ω˜ ∈ Hg|Re ω˜ ∈ R+ · Reω} = {ω˜ ∈ Hg|[Fvω˜] = [Fvω]} .
Let W±κ denote the intersections of the foliations W± with a stratum H(κ)
of the moduli space. For any ω ∈ H(κ), the intersection W+κ (ω) ∩W−κ (ω)
coincides with the Teichmüller orbit {gtω|t ∈ R} ⊂ H(κ). For any pair ω+,
ω− ∈ H(κ), the intersection W+κ (ω+) ∩W−κ (ω−) is non-empty if and only
if the horizontal foliation Fhω+ of ω+ and the vertical foliation Fvω− of ω−
are transverse (in the sense of measured foliations). In fact, a pair (Fh,Fv)
of measured foliations is transverse if and only there exists a holomorphic
abelian differential ω ∈ Hg such that Fh(ω) ∈ R+ ·Fh and Fv(ω) ∈ R+ ·Fv.
It is an immediate consequence of a result of [F2] (see Theorem 1 be-
low) that every probability Teichmüller-invariant ergodic measure is non-
uniformly hyperbolic, in the sense that the tangent cocycle of the Teich-
müller flow restricted to the relevant stratum has non-zero Lyapunov ex-
ponents in all directions except for the flow direction. In fact, this re-
sult is a consequence of a stronger property: there exists on every stratum
H(κ) ⊂ Hg a Hodge Riemannian metric whose restrictions to the leaves of
the foliations W+κ / W−κ is contracted by the backward/forward action of the
Teichmüller flow (in all directions except for the flow direction), uniformly
on every compact subset of the (non-compact) space H(κ) (see [F2] and
[AtF]). The Hodge Riemannian metrics have been explicitly constructed
and studied in depth in [ABEM].
We recall the definition of the Kontsevich–Zorich cocycle over the Te-
ichmüller flow [K], [F2], a continuous-time version of the Rauzy–Veech–
Zorich cocyle [Rau], [V1], [Zo2] over the Rauzy–Veech–Zorich map.
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Let Hˆg be the Teichmüller space of holomorphic abelian differentials of
unit total area on Riemann surfaces of genus g ≥ 2. It can be defined as
the moduli space of abelian differentials on marked Riemann surfaces. Let
S denote the underlying smooth surface of genus g ≥ 2. Points of the the
Teichmüller space Hˆg are equivalence classes of holomorphic abelian dif-
ferentials on the surface S, endowed with some holomorphic structure, with
respect to the equivalence relation given by the natural action of the group
Diff+0 (S) of orientation preserving diffeomorphisms isotopic to the identity.
The moduli space Hg can be defined as the quotient Hˆg/Γg of the Teich-
müller space of holomorphic abelian differentials of unit total area with re-
spect to the action of the mapping class group Γg := Diff+(S)/Diff+0 (S) on
Hˆg. The Teichmüller flow {gt} on the moduli space Hg lifts to a flow {gˆt}
on the Teichmüller space Hˆg. Let {ρˆt} be the trivial cocycle over the flow
{gˆt} on the trivial cohomology bundle Hˆg ×H1(S,R) defined as follows:
ρˆt := gˆt × id : Hˆg ×H1(S,R)→ Hˆg ×H1(S,R) .
The mapping class group Γg acts on the trivial bundle Hˆg × H1(S,R) by
pull-back on each coordinate. The quotient bundle
(3) H1g :=
(
Hˆg ×H1(S,R)
)
/Γg
is an orbifold vector bundle over the moduli space Hg of holomorphic
abelian differentials of unit total area called the (real) Hodge bundle. The
Kontsevich–Zorich cocycle can be defined as the projection {ρt} to the
Hodge bundle H1g of the trivial cocycle {ρˆt}. By definition, it is a cocy-
cle over the Teichmüller geodesic flow {gt} on the moduli space Hg of
holomorphic abelian differentials of unit total area.
It is an immediate consequence of the definition that the top exponent
of the Kontsevich–Zorich cocycle is equal to 1. In addition, since the ac-
tion of the group Diff+(S) on H1(S,R) is symplectic with respect to the
standard symplectic structure given by the intersection form, the cocyle is
symplectic, hence for any probability measure µ on the moduli space Hg,
invariant under the Teichmüller flow and ergodic, its Lyapunov spectrum
has g non-negative and g non-positive exponents (counting multiplicities)
and it is symmetric with respect to the origin, that is, it has the form
(4) λµ1 = 1 ≥ λµ2 ≥ · · · ≥ λµg ≥ −λµg ≥ · · · ≥ −λµ2 ≥ −λµ1 = −1 .
There is a simple well-known relation between the Lyapunov spectrum
of the Kontsevich–Zorich cocycle and the Lyapunov spectrum of the Te-
ichmüller flow (that is, the Lyapunov spectrum of the tangent cocycle) re-
stricted to any stratum of the moduli space [Zo2], [Zo5], [K], [F2], [F3].
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The Lyapunov spectrum of the Teichmüller flow with respect to any invari-
ant, ergodic probability measure µ supported on a stratum H(κ) ⊂ Hg of
the moduli space can be written as follows in terms of the Lyapunov spec-
trum of the Kontsevich–Zorich cocycle:
(5)
2 ≥ (1 + λµ2) ≥ · · · ≥ (1 + λµg ) ≥
σ−1︷ ︸︸ ︷
1 = · · · = 1 ≥ (1− λµg ) ≥
≥ · · · ≥ (1− λµ2 ) ≥ 0 ≥ −(1− λµ2 ) ≥ · · · ≥ −(1 − λµg ) ≥
≥ −1 = · · · = −1︸ ︷︷ ︸
σ−1
≥ −(1 + λµg ) ≥ · · · ≥ −(1 + λµ2) ≥ −2 .
It is immediate from the above formula that the non-uniform hyperbolicity
of the Teichmüller flow with respect to any ergodic probability measure µ
on H(κ) is equivalent to a spectral gap property for the Kontsevich–Zorich
cocycle, namely the strict inequality λµ2 < λ
µ
1 = 1. For a class of mea-
sures satisfying a certain integrability condition (class which includes all
the canonical absolutely continuous measures), the non-uniform hyperbol-
icity of the Teichmüller flow was proved by W. Veech in [V2]. In [F2],
Corollary 2.2 (see also [F3], Theorem 5.1), the author proved the following
generalization of Veech’s result:
Theorem 1. For any Teichmüller-invariant ergodic probability measure µ
on Hg the Kontsevich–Zorich cocycle has a spectral gap, that is,
λµ2 < λ
µ
1 = 1 ,
or, equivalently, any Teichmüller-invariant ergodic probability measure is
non-uniformly hyperbolic for the Teichmüller flow.
The above theorem is a rather straightforward application of the varia-
tional formulas for the Hodge norm on the Hodge bundle (see [F2], §2).
The non-vanishing of the Kontsevich–Zorich exponents is much harder
to establish. For the canonical absolutely continuous SL(2,R)-invariant
measures on strata of the moduli space, M. Kontsevich and A. Zorich con-
jectured that the spectrum of the Rauzy-Veech-Zorich cocycle (or, equiv-
alently, of the Kontsevich–Zorich cocycle) is simple, hence in particular
the cocycle is non-uniformly hyperbolic (that is, all the Lyapunov expo-
nents are non-zero). We recall that the non-uniform hyperbolicity was
proved by the author in [F2] and the full conjecture was later proved by
A. Avila and M. Viana [AvV] by a different approach. The non-uniformly
hyperbolicity of the Kontsevich–Zorich cocycle fails in general even for
SL(2,R)-invariant probability measures. The first example of an SL(2,R)-
invariant ergodic probability measure with zero Lyapunov exponents was
found by the author in 2002 (later published in [F3], §7). It is the unique
NON-UNIFORM HYPERBOLICITY OF THE KONTSEVICH–ZORICH COCYCLE 7
SL(2,R)-invariant probability measure supported on the closed SL(2,R)-
orbit of an ‘exceptionally symmetric’ translation surface of genus 3, often
called the Eierlegende Wollmilchsau surface [HeS]. For such a measure the
Kontsevich–Zorich spectrum is maximally degenerate (all non-trivial expo-
nents are zero) [F3], [FMZ1]. Another maximally degenerate example of
genus 4 was later discovered by C. Matheus and the author [FM]. Both
these examples belong to the class of square-tiled cyclic covers which in-
cludes many examples of partially degenerate Lyapunov spectrum [FMZ1],
[EKZ1]. Outside of this class, it seems that there are no explicit examples
in the literature of SL(2,R)-invariant probability measures with some zero
exponents. However, the latter should not be hard to construct. In fact, as
pointed out by C. Matheus, examples should be contained implicitly in the
work of C. McMullen [Mc3], although Kontsevich–Zorich exponents are
never mentioned there.
For the maximally degenerate examples, the action on homology of the
affine group is given by finite symmetry groups [MY]. According to a the-
orem of Möller [Mö2], there are no other maximally degenerate examples
coming from Veech surfaces (except possibly in genus 5). For square-tiled
cyclic cover, this result can be derived from the Kontsevich–Zorich formula
(see [FMZ1]). Recently A. Avila and M. Möller have announced work that
confirms the conjectured negative answer to the question on the existence
of SL(2,R)-invariant measures with completely degenerate Kontsevich–
Zorich spectrum outside of the class of Veech surfaces.
Our criterion for the non-uniform hyperbolicity of the Kontsevich–Zorich
cocycle applies to certain SL(2,R)-invariant probability ergodic measures
which have a local product structure in the sense defined below.
For every open subset U ⊂ H(κ), the local invariant foliations W±
U
are
defined as follows: the leaf W±
U
(ω) is the unique connected component of
the intersection W±κ (ω) ∩ U which contains the abelian differential ω ∈ U.
Definition 1. An open set U ⊂ H(κ) is said to be of product type if, for
any pair of abelian differentials (ω+, ω−) ∈ U × U, there exist an abelian
differential ω ∈ U and an open interval (a, b) ⊂ R such that
W+
U
(ω+) ∩W−
U
(ω−) = {gtω|t ∈ (a, b)} .
Since every stratum H(κ) of the moduli space of abelian differentials
has an affine structure with local charts given by the relative period map, by
writing the invariant foliations F±κ in coordinates, it can be verified that the
topology H(κ) has a (countable) basis of open sets of product type.
Let U ⊂ H(κ) be an open set of product type. For every set Ω ⊂ U, let
W±
U
(Ω) :=
⋃
ω∈Ω
W±
U
(ω) .
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Definition 2. A Teichmüller-invariant measure µ supported on H(κ) is said
to have a product structure on an open subset U ⊂ H(κ) of product type if,
for any pair of Borel subsets Ω+, Ω− ⊂ U,
µ(Ω+) 6= 0 and µ(Ω−) 6= 0⇒ µ (W+
U
(Ω+) ∩W−
U
(Ω−)
) 6= 0 .
A Teichmüller-invariant measure µ on H(κ) is said to have a local product
structure if every abelian differential ω ∈ H(κ) has an open neighborhood
Uω ⊂ H(κ) of product type on which µ has a product structure.
We remark that any SL(2,R)-invariant affine measure has a local product
structure. A measure on a stratum of the moduli space of abelian differ-
entials is called affine if it is locally equal (up to normalization) to the the
restriction of the Lebesgue measure to a complex affine subspace with re-
spect to the natural affine structure induced by the complex (relative) period
map. It is part of a broader Ratner-type conjecture on the action of SL(2,R)
on the moduli space of abelian differentials that all SL(2,R)-invariant prob-
ability measures are affine. A proof of a Ratner-type conjecture, which in-
cludes the statement that every SL(2,R)-invariant probability measure is
affine, has been recently announced by A. Eskin and M. Mirzakhani [EM].
For the genus two case, all SL(2,R)-invariant probability measures were
classified by C. McMullen [Mc1] and K. Calta [Ca] and are known to be
affine.
Next we recall the notion of a completely periodic Lagrangian measured
foliation (introduced in [F2], Definition 4.3):
Definition 3. A completely periodic measured foliation F on a compact
orientable surface S of genus g ≥ 2 is a measured foliation on S such that
all its regular leaves are closed (compact) curves.
The homological dimension of a completely periodic measured foliation
F on S is the dimension of the (isotropic) subspace (F) ⊂ H1(S,R), gen-
erated by the homology classes of the regular leaves of F.
A Lagrangian measured foliation F on S is a completely periodic mea-
sured foliation of maximal homological dimension (equal to the genus of
the surface), that is, a measured foliation such that the subspace (F) is a
Lagrangian subspace of the space H1(S,R), endowed with the symplectic
structure given by the intersection form.
A completely periodic measured foliation F is Lagrangian if and only if it
has g ≥ 2 distinct regular leaves γ1, . . . , γg such that Ŝ := S\∪{γ1, . . . , γg}
is homeomorphic to a sphere minus 2g (paired) disjoint disks.
Definition 4. A Teichmüller-invariant probability measure on a stratum
H(κ) is called cuspidal if it has a local product structure and its support
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contains a holomorphic differential with completely periodic horizontal or
vertical foliation.
The homological dimension of a Teichmüller-invariant measure is the
maximal homological dimension of a completely periodic vertical or hori-
zontal foliation of a holomorphic differential in its support.
A Teichmüller-invariant probability measure is said to be Lagrangian if
it has maximal homological dimension, that is, if its support contains a
holomorphic differential with Lagrangian horizontal or vertical foliation.
We are very grateful to J. Smillie who pointed out to us that any closed
SL(2,R)-invariant set, hence in particular the support of any SL(2,R)-
invariant measure, contains a holomorphic differential with completely pe-
riodic horizontal or vertical foliation. In fact, according to a theorem by
Smillie and B. Weiss [SW], any closed SL(2,R)-invariant subset of the
moduli space contains a minimal set for the Teichmüller horocycle flow and
every such minimal set corresponds to a cylinder decomposition. By this
result and by the Ratner’s type result announced by A. Eskin and M. Mirza-
khani [EM] that every SL(2,R)-invariant probability measure is affine, it
follows that every SL(2,R)-invariant probability measure is cuspidal.
Our main result is the following criterion:
Theorem 2. Let µ be a SL(2,R)-invariant ergodic probability measure on
a stratum H(κ) of the moduli space of abelian differential. If µ is cuspidal
Lagrangian, the Kontsevich–Zorich cocycle is non-uniformly hyperbolic µ-
almost everywhere. In fact, the Lyapunov exponents λµ1 ≥ · · · ≥ λµ2g of the
Kontsevich–Zorich cocycle form a symmetric subset of the real line and the
following inequalities hold:
(6) 1 = λ
µ
1 > λ
µ
2 ≥ · · · ≥ λµg > 0 > λµg+1 = −λµg ≥ . . .
· · · ≥ λµ2g−1 = −λµ2 > λµ2g = −λµ1 = −1 .
A weaker statement can be proved without assuming that the SL(2,R)-
invariant probability measure has a local product structure. In fact, the fol-
lowing holds:
Theorem 3. Let µ be a SL(2,R)-invariant ergodic probability measure on a
stratum H(κ) ⊂ Hg of the moduli space of abelian differential on Riemann
surfaces of genus g ≥ 3. If µ is Lagrangian, the following inequalities hold
for the Lyapunov spectrum of the Kontsevich–Zorich cocycle:
(7) 1 = λµ1 > λµ2 ≥ · · · ≥ λµ[g+1/2] > 0 .
As recalled above, in genus 2 the Kontsevich–Zorich spectrum is simple
for all SL(2,R)-invariant ergodic probability measures [Ba]. This result can
be derived from the Kontsevich–Zorich formula (see Corollary 1 below) and
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from a description of possible boundary points of Teichmüller disks in the
Deligne-Mumford compactification of the moduli space.
For cuspidal measures, Theorem 2 can be generalized as follows:
Theorem 4. Let µ be a SL(2,R)-invariant ergodic probability cuspidal
measure on a stratum H(κ) of the moduli space of abelian differential. If
µ has homological dimension k ∈ {1, . . . , g}, there are at least k strictly
positive Kontsevich–Zorich exponents, that is,
1 = λµ1 > λ
µ
2 ≥ · · · ≥ λµk > 0 .
The proof of the above theorem can be obtained along the same lines of
the proof of Theorem 2 and will not be explained in detail in this paper.
We remark that the lower bound given in Theorem 4 is optimal in general.
In fact, the maximally degenerate examples of [F3], [FM] (see also [FMZ1])
are both given by SL(2,R) invariant probability measures (supported on
closed SL(2,R)-orbits) of homological dimension equal to 1 (in both cases
completely periodic directions split the surface into two homologous cylin-
ders). However, there exist examples of cuspidal measures where the num-
ber of strictly positive Kontsevich–Zorich exponents is greater than the ho-
mological dimension of the measure. For instance the family of square-tiled
cyclic covers studied by C. Matheus and J.-C. Yoccoz (see [MY], §3.1)
provide examples of SL(2,R)-invariant probability measures on the strata
H(q − 1, q − 1, q − 1) for any odd q ≥ 3 with homological dimension
equal to 1 and a number of non-zero Kontsevich–Zorich exponents equal to
1+(q−3)/2 when q = 3(mod. 4), and 1+(q−1)/2 when q = 1(mod. 4).
We are grateful to C. Matheus who computed the above formulas for us.
His calculations appear at the end of this paper in Appendix A.2.
The case q = 3 in the Matheus–Yoccoz family corresponds to the exam-
ple by C. Matheus and the author of a square-tiled cyclic cover of genus 4
with completely degenerate spectrum [FM], [FMZ1] mentioned above.
Recently, V. Delecroix and C. Matheus have found examples of cuspidal
non-uniformly hyperbolic SL(2,R)-invariant probability measures which
are not Lagrangian: the measures supported on the SL(2,R) orbits of a cou-
ple of square-tiled surfaces, one in genus 3 and one in genus 4. Such exam-
ples were found with the aid of A. Zorich’s computer program to compute
the exponents to have simple Lyapunov spectrum and, as communicated to
us by Carlos Matheus, it seems possible to prove simplicity by some version
of Avila–Viana’s criterion [AvV].
As we have remarked above, by a result of J. Smillie and B. Weiss [SW]
on minimal sets for the Teichmüller horocycle flow and by the Ratner type
result announced by A. Eskin and M. Mirzakhani [EM] it follows that ev-
ery SL(2,R)-invariant probability measure is cuspidal. However, not all
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SL(2,R)-invariant probability ergodic measures are Lagrangian. In fact, as
mentioned above, there are many examples among SL(2,R)-invariant mea-
sures supported on SL(2,R)-orbits of square-tiled cyclic covers which fail
to be non-uniformly hyperbolic [FMZ1], [EKZ1]. By our criterion such
measures are not Lagrangian. To the author’s best knowledge, no exam-
ples of (cuspidal) SL(2,R)-invariant probability measures which are not
Lagrangian outside of the class of measures supported on closed SL(2,R)-
orbits or on strata of branched covers are known.
All the SL(2,R)-invariant probability measures supported on SL(2,R)-
orbits of algebraically primitive Veech surfaces are cuspidal Lagrangian
(Lemma 9). We are very grateful to P. Hubert for explaining to us the proof
of this basic fact. Our criterion therefore implies a corollary of formulas by
I. Bouw and M. Möller [BMo] which states that the Kontsevich–Zorich co-
cycle is non-uniformly hyperbolic for all algebraically primitive Veech sur-
faces (Corollary 3). In fact, in section 6.1 we prove non-uniform hyperbol-
icity for a wider class of Veech surfaces, the Veech surfaces of maximal ho-
mological rank (Definition 7). In addition to algebraically primitive Veech
surfaces, this class also includes many geometrically primitive examples
which are not algebraically primitive, namely all the primitive Prym eigen-
forms of genus 3 and 4 constructed by C. McMullen in [Mc2], as well as
many non geometrically primitive Veech surfaces, for instance all the non-
primitive Prym eigenforms (Lemma 10). The Kontsevich–Zorich cocycle is
thus non-uniformly hyperbolic with respect to all SL(2,R)-invariant proba-
bility measures given by Prym eigenforms (Corollary 4). We are very grate-
ful to P. Hubert who suggested to test our criterion on Prym eigenforms,
as a main example of geometrically primitive, non-algebraically primitive
Veech surfaces.
All canonical SL(2,R)-invariant absolutely continuous invariant prob-
ability measures on connected components of strata of abelian differen-
tials are cuspidal Lagrangian (Lemma 11). Our criterion therefore implies
the non-uniform hyperbolicity of the Kontsevich–Zorich cocycle with re-
spect to all canonical measures on the moduli space of abelian differentials
(Corollary 5), a result proved in [F2] (see also [AvV]). The argument given
here for this case is in fact a simplified and streamlined version of the orig-
inal argument.
There are several interesting SL(2,R)-invariant probability measures to
which our criteria may be applied. One of the most interesting in our opin-
ion is given by the algebraic (singular) measures on the moduli space of
abelian differentials coming from canonical measures on strata of quadratic
differentials by the standard double (orienting) cover construction. This
application has been carried out recently by R. Treviño who has derived a
proof that all such measures are non-uniformy hyperbolic [Tr].
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This paper is organized as follows. In section 2 we recall the variational
formulas for the exponents proved in [F2]. In section 3 we prove a transver-
sality result for the unstable space of the Kontsevich–Zorich cocycle with
respect to integral Lagrangian subspaces in homology. This is a crucial
improvement over [F2]. In section 4 we prove following [F2] the key as-
ymptotic formulas near appropriate boundary points of the moduli space.
Section 5 is devoted to carrying out the proof of the the main theorem on
the non-uniform hyperbolicity of the Kontsevich–Zorich cocycle. Finally,
section 6 presents two fundamental applications. The first, in section 6.1,
is to a wide class of Veech surfaces, which includes algebraically primitive
Veech surfaces already covered by Bouw-Möller results, but it also applies
to many other cases. The second, in section 6.2, is a review of the case
of canonical measures on connected components of strata of abelian differ-
ential, already treated in [F2]. The argument we present here is somewhat
simpler and hopefully provides a template for other cases, such as measures
coming from strata of quadratic differentials.
2. FORMULAS FOR THE EXPONENTS
We recall below for the convenience of the reader, the relevant formulas
for all partial sums of the Kontsevich–Zorich exponents. Such formulas
were first derived in [F2] (see also [Kr], [F3], [V4]) as a generalization
of the Kontsevich–Zorich formula for the sum of all the exponents. The
exposition below follows [FMZ2] .
Let S be a Riemann surface. The natural Hermitian intersection form on
the complex cohomology H1(S,C) of the Riemann surface can be defined
on closed 1-forms representing cohomology classes as
(8) (ω1, ω2) := i
2
∫
S
ω1 ∧ ω¯2 .
Restricted to the subspace H1,0(S,C) of holomorphic 1-forms, it induces
a positive definite Hermitian form. Hence, by the Hodge representation
theorem, it induces a positive definite bilinear form on the cohomology
H1(S,R). The real Hodge bundle H1g (over the moduli space of abelian
differentials) is thus endowed with an inner product, called the Hodge inner
product and a norm, called the Hodge norm.
Given a cohomology class c ∈ H1(S,R), let ωc be the unique holomor-
phic 1-form such that c = [Re(ωc)]. Define ∗c to be the real cohomology
class [Im(ωc)]. The Hodge norm ‖c‖ satisfies
‖c‖2 = i
2
∫
S
ωc ∧ ω¯c =
∫
S
Re[ωc] ∧ Im[ωc] ,
NON-UNIFORM HYPERBOLICITY OF THE KONTSEVICH–ZORICH COCYCLE 13
or, in other words, ‖c‖2 is the value of (c ·∗c) on the fundamental cycle. The
operator c 7→ ∗c on the real cohomology H1(S,R) of a Riemann surface S
is called the Hodge operator.
Associated to any holomorphic 1-form ω on the Riemann surface S, there
is a naturally defined space L2ω(S) defined as the completion of smooth
functions on S with respect to the topology generated by the inner product
(9) 〈f, g〉ω =
i
2
∫
S
f g¯ ω ∧ ω¯ , for any f, g ∈ C∞(S) .
In other words, the space L2ω(S) is the standard space of square-integrable
functions with respect to the area form i
2
ω ∧ ω¯ on S.
The subspaces Mω ⊂ L2ω(S) (M¯ω ⊂ L2ω(S)) of meromorphic (resp. anti-
meromorphic) functions are both finite dimensional, of dimension equal to
the genus of the surface. In fact, they can be described as follows. Let
H1,0(S) (H0,1(S)) be the space of holomorphic (resp. anti-holomorphic)
1-forms on S. Both have dimension equal to the genus of the surface by
Riemann-Roch theorem. The following characterization of the subspaces
Mω and, consequently, M¯ω, holds (see [F1], [F2]):
(10) Mω = {ω˜/ω|ω˜ ∈ H1,0(S)} .
We remark the space Mω endowed with the norm of the Hilbert spaceL2ω(S)
is isometric to the space H1,0(S) endowed with the restriction of the her-
mitian intersection form (8). In fact,
〈ω1
ω
,
ω2
ω
〉ω = (ω1, ω2) , for all ω1 , ω2 ∈ H1,0(S) .
Let piω : L2ω(S) → M¯ω denote the orthogonal projection and let Hω be the
following positive-semidefinite hermitian form on H1,0(S):
(11) Hω(ω1, ω2) := 〈piω(ω1
ω
), piω(
ω2
ω
)〉ω , for all ω1, ω2 ∈ H1,0(S) .
Let Bω be the complex bilinear form on H1,0(S) defined as follows:
(12) Bω(ω1, ω2) := 〈ω1
ω
,
ω¯2
ω¯
〉ω , for all ω1, ω2 ∈ H1,0(S).
The geometric significance of the forms Bω and Hω is related to notions
of second fundamental form and curvature of the Hodge bundle (see §1 in
[FMZ2]). Their significance for the dynamics of the Kontsevich–Zorich
cocycle lies in the variational formulas proved in [F2], §§2-5, which give
the variation of the Hodge norm on the (real) Hodge bundle H1g under the
action of the Kontsevich–Zorich cocycle (see also [F3], [FMZ2]).
The forms Hω and Bω are in fact related as follows (see [F2], §4).
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Let {ω1, . . . , ωg} be any orthonormal basis of H1,0(S). The restriction of
the projection operator piω|Mω is then given by the following formula:
(13) piω( ω˜
ω
) =
g∑
i=1
Bω(ω˜, ωi)ω¯i , for all ω˜ ∈ H1,0(S) .
It follows that the matrices ofH and B of the formsHω andBω respectively,
with respect to any orthonormal basis of the space H1,0(S) are related by
the following identity:
(14) H = BB∗ .
In particular, the forms Hω and Bω have the same rank and their eigenvalues
are related. (The above formula (14) is the correct version of the formula
H = B∗B which appears as formula (4.3) in [F2] and as formula (44) in
[F3]. This mistake there is of no consequence).
Let EV(Hω) and EV(Bω) denote the set of eigenvalues of the forms Hω
and Bω respectively. The following identity holds:
EV(Hω) = {|λ|2 : λ ∈ EV(Bω)} .
By the Hodge representation theorem for Riemann surfaces (which states
that any real cohomology class can be represented as the real or imaginary
part of a holomorphic 1-form), the forms Hω and Bω on H1,0(S) can be in-
terpreted as bilinear forms, denoted by HRω and BRω respectively, on the real
cohomology H1(S,R). The forms HRω and BRω on H1(S,R) have the same
rank, which is equal to twice the common rank of the forms Hω and Bω on
H1,0(S). The form HRω is real-valued and positive-semidefinite, while the
form BRω is complex-valued. For every holomorphic differential ω ∈ Hg,
the eigenvalues of the positive-semidefinite form HRω on H1(S,R) will be
denoted as follows:
(15) Λ1(ω) ≡ 1 ≥ Λ2(ω) ≥ · · · ≥ Λg(ω) ≥ 0 .
We remark that the above eigenvalues induce well-defined continuous non-
negative bounded functions on the moduli space of all abelian differentials.
In [F2], §2, §3 and §5 several variational formulas for the Hodge norm
on the real cohomology bundle along trajectories of the Teichmüller flow
were proved and formulas for the Lyapunov exponents of the Kontsevich–
Zorich cocycle were derived. Such formulas generalize the fundamental
Kontsevich–Zorich formula for the sum of all Lyapunov exponents [K].
The formulas are written in [F2] with different notational conventions. In
fact, as explained above, any abelian holomorphic differential ω on a Rie-
mann surface S induces an isomorphism between the space H1,0(S) of all
abelian holomorphic differentials on S, endowed with the Hodge norm, and
the subspace Mω ⊂ L2ω(S) of all square integrable meromorphic functions
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(with respect the area form of the abelian differential ω on S). In [F2], [F3]
variational formulas are written in the language of meromorphic functions.
We will adopt here the language of holomorphic abelian differentials.
For any holomorphic abelian differential ω on a Riemann surface S, we
defined functions on the GrassmannianGk(S,R) of k-dimensional isotropic
subspaces of H1(S,R) as follows. Let Ik ⊂ H1(S,R) be any isotropic sub-
space (with respect to the intersection form) of dimension k ∈ {1, . . . , g}.
Let {c1, . . . , ck} ⊂ Ik be any Hodge-orthonormal basis and let
{c1, . . . , ck, ck+1, . . . , cg} ⊂ H1(S,R)
be any Hodge-orthonormal Lagrangian completion. Let
(16) Φk(ω, Ik) :=
g∑
i=1
Λi(ω)−
g∑
i,j=k+1
|BRω (ci, cj)|2 .
We remark that the above definition is independent of the choice of the
orthonormal basis {c1, . . . , ck} ⊂ Ik and of its Hodge-orthonormal La-
grangian completion {c1, . . . , ck, ck+1, . . . , cg}. The function Φk is there-
fore well-defined and equivariant under the action of the mapping class
group on the Grassmannian bundle of the Hodge bundle over the Teich-
müller space. It induces therefore a function on the Grassmannian bundle
of the Hodge bundle over the moduli space of all abelian differentials.
Remark 1. The function Φg is the pull-back to the Grassmannian bundle of
Lagrangian subspaces of the Hodge bundle H1g of a function on the moduli
space. In other terms, it has no dependence on the Lagrangian subspace.
In fact, for every ω ∈ Hg and every Lagrangian subspace Ig ⊂ H1(S,R),
(17) Φg(ω, Ig) :=
g∑
i=1
Λi(ω) .
This fundamental fact (discovered in [K]) is crucial for the validity of
the Kontsevich–Zorich formula for the sum of exponents. A version of the
formula is given below.
The functions Φk arise in the computation of the hyperbolic Laplacian of
the Hodge norm of isotropic polyvectors along Teichmüller disks.
Let {c1, . . . , ck} ⊂ Ik be any Hodge-orthonormal basis of an istropic
subspace Ik ⊂ H1(S,R) on a Riemann surface S. The Euclidean structure
defined by the Hodge scalar product on H1(S,R) defines the natural norm
‖c1 ∧ · · · ∧ ck‖ω of any polyvector which we also call the Hodge norm.
Similarly to the case of the Hodge norm it is defined only by the complex
structure of the underlying Riemann surface. Thus, for any (S0, ω0) in Hg
the Hodge norm ‖c1∧· · ·∧ck‖ω defines a smooth function on the hyperbolic
surface obtained as a left quotient SO(2,R)\ SL(2,R)ω0 of the orbit of ω0.
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Variation formulas for the Hodge norm of polyvectors were established in
[F2], Lemmas 5.2 and 5.2’:
Lemma 1. For all k ∈ {1, . . . , g} the following formula holds:
(18) △ log ‖c1 ∧ · · · ∧ ck‖ω = 2Φk(ω, Ik) .
From the variational formula of Lemma 1, it is possible by integration
to derive a formula for the average growth of the spherical averages of the
Hodge norm of any isotropic polyvector on any Teichmüller disk.
Lemma 2. Let ω0 be an abelian differential on the Riemann surface S0.
For any k-dimensional isotropic subspace Ik ⊂ H1(S0,R) and any ba-
sis {c1, . . . , ck} ⊂ Ik, let ‖c1 ∧ · · · ∧ ck‖ω denote the Hodge norm of the
polyvector c1 ∧ · · · ∧ ck at (S, ω) ∈ Hg for any ω ∈ SO(2,R)\ SL(2,R)ω0.
The following formula holds. Let Dt(ω0) denote the disk of hyperbolic ra-
dius t > 0 centered at the origin SO(2,R)ω0 of the hyperbolic surface
SO(2,R)\ SL(2,R)ω0 , let |Dt| denote its hyperbolic area and let dAP de-
note the Poincaré area element. We have:
(19) 1
2pi
∂
∂t
∫ 2pi
0
log ‖c1∧ · · ·∧ ck‖ω dθ = tanh(t)|Dt|
∫
Dt(ω0)
Φk(ω, Ik)dAP .
Proof. The formula was derived in [F2] as formula (5.10). It follows from
the variational formula of Lemma 1 by Green formula or explicit integration
of the Poisson equation for the hyperbolic Laplacian on the Poincaré disk
(as in [F2], Lemma 3.1). 
By the above formula, it is possible to derive formulas for the partial
sums of the Lyapunov exponents of the Kontsevich–Zorich cocyle. Here is
our main result.
Theorem 5. Let µ be any SL(2,R)-invariant Borel probability ergodic
measure on the moduli space Hg of normalized abelian differentials. As-
sume that λµk > λ
µ
k+1, for k ∈ {1, . . . , g − 1}, and let E+k denote the Os-
eledec’s subbundle carrying the subset {λµ1 , . . . , λµk} of the Lyapunov spec-
trum. Then the following formula holds:
(20) λµ1 + · · ·+ λµk =
∫
Hg
Φk
(
ω,E+k (ω)
)
dµ(ω) .
Proof. (see [F2], Corollary 5.5) For any given (S, ω) ∈ Hg, let σkω denote
the normalized canonical (Haar) measure on the Grassmannian Gk(S,R)
of isotropic k-dimensional subspaces Ik ⊂ H1(S,R), endowed with the
euclidean structure given by the Hodge inner product. The probability mea-
sure σkω is invariant under the action of the circle group SO(2,R) on Hg. Let
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(t, θ) ∈ R+ × S1 denote the geodesic polar coordinates centered at the ori-
gin SO(2,R)ω on the hyperbolic surface SO(2,R)\ SL(2,R)ω, let distk(t,θ)
denote the Hodge distance on the Grassmannian of isotropic k-dimensional
subspaces and let E+k (t, θ) denote the unstable Oseledec’s subspace at the
abelian differential ω(t,θ) ∈ SO(2,R)\ SL(2,R)ω.
By Oseledec’s theorem, for µ-almost all (S, ω) ∈ Hg, almost all θ ∈ S1
and σkω-almost all k-dimensional isotropic subspaces Ik ∈ Gk(S,R),
lim
t→+∞
distk(t,θ)(Ik, E+k (t, θ)
)
= 0 .
Consequently, since the function Φk is bounded and continuous, by Fubini’s
theorem and the dominated convergence theorem, for µ-almost all ω ∈ Hg,
(21)
lim
t→+∞
1
|Dt|
∫
Gk(S,R)
∫
Dt(ω)
|Φk
(
ω(s,θ), Ik
)
− Φk
(
ω(s,θ), E
+
k (s, θ)
) | dAP (s, θ) dσkω = 0 .
For any (S, ω) ∈ Hg and any isotropic subspace Ik ∈ Gk(S,R), the Hodge
norm ‖c1 ∧ · · · ∧ ck‖ω does not depend on the Hodge orthonormal basis
{c1, . . . , ck} ⊂ Ik, hence it defines a function on the Grassmannian bun-
dle of k-dimensional isotrpoic subspaces of the (real) Hodge bundle. By
formula (21) and by averaging formula (19) over Gk(S,R) with respect
to the measure σkω, then with respect to the SL(2,R)-invariant probability
measure µ on Hg and by applying Fubini’s theorem and the dominated con-
vergence theorem, we find that, since E+k is an invariant subbundle of the
Kontsevich–Zorich cocycle, the following formula holds:
(22)
lim
t→+∞
∂
∂t
∫
Hg
∫
Gk(S,R)
log ‖c1 ∧ · · · ∧ ck‖ω(t,θ) dσkωdµ(ω)
− tanh(t)
∫
Hg
Φk
(
ω,E+k (ω)
)
dµ(ω) = 0 .
Finally, by averaging over [0, T ] with respect to the radial coordinate t > 0
(Teichmüller time) and by Oseledec’s theorem, we obtain formula (20).

In the case k = g, since the function Φg does not depend on the La-
grangian subspace of the cohomology, Theorem 5 reduces to a version of
the Kontsevich–Zorich formula for the sum of all non-negative Lyapunov
exponents (see [K] and [F2], Corollary 5.3):
Corollary 1. Let µ be any SL(2,R)-invariant Borel probability ergodic
measure on the moduli space Hg of normalized abelian differentials. The
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following formula holds:
λµ1 + · · ·+ λµg =
∫
Hg
(Λ1 + · · ·+ Λg)dµ .
3. LAGRANGIAN ABELIAN DIFFERENTIALS
The following crucial transversality result holds:
Lemma 3. The unstable bundle E+ of the Kontsevich–Zorich cocycle is
µ-almost everywhere transverse to all integral Lagrangian subspaces, with
respect to any SL(2,R)-invariant ergodic probability measure µ on a stra-
tum H(κ), that is, for µ-almost all (S, ω) ∈ H(κ) and for any integral
Lagrangian subspace Λ ⊂ H1(S,R),
E+(ω) ∩ Λ = {0} .
Proof. Let µ be any SL(2,R)-invariant Borel probability measure µ on Hg.
By Oseledec’s and Fubini’s theorems, for µ-almost all (S, ω) ∈ Hg the
Oseledec’s stable/unstable spaces E±(ei θ2ω) ⊂ H1(S,R) are well-defined
for (Lebesgue) almost all θ ∈ S1 and the following identity holds:
E+(ei
θ
2ω) = E−(ei
θ+pi
2 ω) , for almost all θ ∈ S1.
It follows that the unstable bundle E+ is µ-almost everywhere transverse to
all integral Lagrangian subspaces if and only if the stable subbundle E− is.
Let (S, ω) ∈ Hg and let (t, θ) ∈ R+ × S1 denote the geodesic po-
lar coordinate centered at the origin SO(2,R)ω on the hyperbolic surface
SO(2,R)\ SL(2,R)ω. Let E−(t, θ) denote the stable Oseledec’s space at
ω(t,θ) ∈ SO(2,R)\ SL(2,R)ω. Let Λ ⊂ H1(S,R) be any Lagrangian sub-
space and let {c1, . . . , cg} ⊂ Λ be any basis. By Oseledec’s theorem, for
µ-almost all ω ∈ Hg and for almost all θ ∈ S1 the following holds:
if Λ ∩ E−(0, θ) 6= {0}, then
(23) lim
t→+∞
1
t
log ‖c1 ∧ · · · ∧ cg‖ω(t,θ) < λµ1 + · · ·+ λµg .
Thus, for all µ-almost all ω ∈ Hg, if the set
(24) N−Λ (ω) := {θ ∈ S1|Λ ∩ E−(0, θ)) 6= {0}} ⊂ S1
has positive Lebesgue measure then, by averaging the limit in formula (23)
over the circle and applying the Lebesgue dominated convergence theorem,
we conclude that
(25) lim
t→+∞
1
2pit
∫ 2pi
0
log ‖c1 ∧ · · · ∧ cg‖ω(t,θ) dθ < λµ1 + · · ·+ λµg .
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However, since the function Φg : SO(2,R)\Hg → R+, defined in formulas
(16) and (17), is bounded, by the pointwise ergodic theorem for SL(2,R)-
balls of A. Nevo and E. M. Stein [NS] and by the Kontsevich–Zorich for-
mula (see Corollary 1), it follows that, for µ-almost all (S, ω) ∈ Hg,
(26) lim
t→+∞
1
|Dt|
∫
Dt(ω)
Φg dAP =
∫
Hg
Φg dµ = λ
µ
1 + · · ·+ λµg .
By averaging formula (19) over [0, t] with respect to the radial coordinate
and by formula (26), we derive that for µ-almost all (S, ω) ∈ Hg, for any
Lagrangian subspace Λ ⊂ H1(S,R) and for any basis {c1, . . . , cg} ⊂ Λ,
(27) lim
t→+∞
1
2pit
∫ 2pi
0
log ‖c1 ∧ · · · ∧ cg‖ω(t,θ) dθ = λµ1 + · · ·+ λµg .
which implies that, for µ-almost all (S, ω) ∈ Hg and for any Lagrangian
subspace Λ ∈ H1(S,R), the set N−Λ(ω) defined in formula (24) has zero
Lebesgue measure, otherwise the inequality in formula (25) holds. Since
the set of all integral Lagrangian subspaces is countable, it then follows
by Fubini’s theorem that the stable subbundle E− is µ-almost everywhere
transverse to all integral Lagrangian subspaces. 
Lemma 8.4 of [F2] is replaced by the following statement.
Lemma 4. For every cuspidal LagrangianSL(2,R)-invariant ergodic prob-
ability measure µ on a stratum H(κ) of the moduli space of abelian differ-
entials, there exists an abelian differential ω0 ∈ supp(µ) such that
(1) The vertical foliation Fvω0 is Lagrangian;(2) the differential ω0 is a density point of a compact positive measure
set Pκ ⊂ H(κ) such that
(a) all ω ∈ Pκ are Oseledec’s regular points for the Kontsevich–
Zorich cocycle and the unstable subspace E+(ω) of the cocycle de-
pend continuously on ω ∈ Pκ;
(b) the Poincaré dual P (0) ⊂ H1(S,R) of the Lagrangian sub-
space 0 := (Fvω0), generated by the regular trajectories of the verti-
cal foliation Fvω0 , is transverse to E+(ω) for all ω ∈ Pκ.
Proof. Let ω− ∈ supp(µ) be an abelian differential with Lagrangian ver-
tical foliation F. Let U ⊂ H(κ) be a neighborhood of ω− of product
type on which the measure µ has a product structure. Let Rκ ⊂ H(κ)
be the set of Oseledec’s regular points for the Kontsevich–Zorich cocycle.
By Oseledec’s and Luzin’s theorems and by the transversality Lemma 1,
there exists a compact subset R+ ⊂ Rκ ∩ U of positive µ-measure such
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that the restriction E+|R+ of the unstable space of the cocycle is continu-
ous and transverse to the Poincaré dual P (F) of the Lagrangian subspace
F ⊂ H1(S,R), generated by the homology classes of the regular leaves of
the measured foliation F.
Let ω+ ∈ R+ be any density point of R+ and let ω0 be any abelian
differential in W+
U
(ω+) ∩W−
U
(ω−). By construction the vertical foliation
Fvω0 of the abelian differential ω0 ∈ W−U(ω−) is Lagrangian. Let K ⊂ U be
a compact neighborhood of ω− and let Pκ := W+U (R+)∩W−U (K). Since the
measure µ has a product structure on U, it follows that for any neighborhood
V of ω0 in U the set Pκ ∩ V has positive µ-measure. In fact, there exist
neighborhoods V± ⊂ U of ω± such that
W+κ (V
+) ∩W−κ (V−) ⊂ ∪t∈Rgt(V) .
By construction, µ(R+ ∩ V+) > 0, since ω+ is a density point of R+, and
µ(V−) > 0, since ω− ∈ supp(µ), hence
W
+
U
(R+ ∩ V+) ∩W−
U
(V−) ⊂ ∪t∈Rgt(Pκ ∩ V)
has positive µ-measure, which implies that the set Pκ ∩ V has positive µ-
measure by the Teichmüller invariance of the measure.
The unstable bundle E+ of the Kontsevich–Zorich cocycle is locally
constant along the leaves of the foliation W+κ in the following sense. Let
U ⊂ H(κ) be any open set of product type. For any Oseledec’s regular
point ω ∈ U and for any ω˜ ∈W+
U
(ω), the unstable space E+(ω˜) = E+(ω).
This property can be derived from the representation theorem (see [F2],
Thm. 8.3), which states that the unstable spaceE+(ω) can be identified with
the space of cohomology classes of all basic currents in the dual Sobolev
space H−1ω (S) for the horizontal foliation Fhω. It follows that the func-
tion E+|Pκ is continuous and transversal to P (F), since by construction
W+
U
(Pκ) = W
+
U
(R+) and since the functionE+|R+ is continuous and trans-
verse to P (F). The argument is complete.

4. ASYMPTOTIC FORMULAS
In this section we compute the Hodge curvature near certain boundary
points of the moduli space. Such boundary points are obtained by pinching
a higher genus surface along the waist curves of cylinders of a Lagrangian
foliation, hence they are represented by Riemann surfaces with nodes made
of one or several punctured Riemann spheres carrying a meromorphic dif-
ferential with at least 2g paired poles.
Let {a1, . . . , ag, b1, . . . , bg} be a system of curves defining a canonical
basis of the (real) homology (a marking) of the topological surface S and
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let {(Sτ , ωτ )|τ ∈ [C \ {0}]g+s} be any smooth family of holomorphic dif-
ferentials (the differential ωτ is holomorphic on the Riemann surface Sτ )
obtained by pinching the system of non-intersecting curves
{a1, . . . , ag, ag+1, . . . , ag+s} ,
which converges (projectively) as τ → 0 in Cg+s to a meromorphic differ-
ential ω0 with 2g paired poles on a Riemann surface with nodes S0 which is
the union of s punctured Riemann spheres.
The following results give the asymptotics of the period matrix and of its
derivative in the direction of the Teichmüller flow as the pinching parameter
τ → 0 along the deformation described above. Let us recall that for any
Riemann surface R and for any canonical basis of the homology H1(R,Z),
the period matrix Π is the g × g symmetric complex matrix with positive
definite imaginary part defined as follows. Let {θ1, . . . , θg} be the unique
basis of holomorphic differentials on R, dual to the canonical homology
basis {[a1], . . . , [ag], [b1], . . . , [bg]}, in the sense that∫
ai
θj = δij , for all i, j ∈ {1, . . . , g} .
The period matrix of the Riemann surface R is then given by the formula:
Πij :=
∫
bi
θj , for all i, j ∈ {1, . . . , g} .
Let us fix a canonical homology basis {[a1], . . . , [ag], [b1], . . . , [bg]} on the
topological surface S and let Π(τ) denote the period matrix of the Riemann
surface Sτ for all pinching parameters τ ∈ [C \ {0}]g+s.
Let τ ′ = (τ1, . . . , τg) denote the pinching parameters relative to the sys-
tem of curves {a1, . . . , ag} and let τ ′′ = (τg+1, . . . , τg+s) be the pinching
parameters relative to the system of curves {ag+1, . . . , ag+s}.
Lemma 5. The family of g × g complex matrices
(28) Πij(τ)− 1
2piı
δij log |τ ′i |
is bounded as the pinching parameter τ ′ := (τ1, . . . , τg) → (0, . . . , 0) in
Cg, uniformly with respect to τ ′′ ∈ Cs, |τ ′′| ≤ 1.
Proof. The asymptotics follows from classical formulas for the period ma-
trix near the boundary of the Deligne-Mumford compactification of the
moduli space of abelian differentials (see for instance [Fa], III, p. 54 or
[Ya], §3, Cor. 6). A similar formula for the particular case s = 0, which
corresponds to boundary points given by meromorphic differentials sup-
ported on a single punctured Riemann sphere (with 2g paired punctures),
appears in [F2], formula (4.33). 
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The asymptotics of the Lie derivative dΠ/dµ of the period matrix Π in
the direction of the Teichmüller flow is given by the following result.
Let p±1 , p
±
2 , . . . , p
±
g denote the 2g paired punctures on the punctured Rie-
mann surface S0 corresponding to the pinching of the curves a1, a2, . . . , ag
and let ±ρ1, . . . ,±ρg ∈ C \ {0} denote the residues of the limit meromor-
phic abelian differential ω0 at p±1 , . . . , p±g respectively.
Lemma 6. The family of g × g complex matrices
(29) dΠ
dµ
(τ)− 1
2pi
ρ¯i
ρi
δij log |τ ′i |
is bounded as the pinching parameter τ ′ := (τ1, . . . , τg) → (0, . . . , 0) in
Cg, uniformly with respect to τ ′′ ∈ Cs, |τ ′′| ≤ 1.
Proof. The proof is based on Lemma 4.2 of [F2] and Lemma 4.2’ in [F2].
In that paper, the asymptotic was proved for the particular case s = 0 of
boundary points given by meromorphic differentials supported on a single
punctured Riemann sphere (with 2g paired punctures). In the more general
case, considered here, the limit points in the Deligne-Mumford boundary
as τ ′ → 0 ∈ Cg consists of meromorphic differentials on pinched Rie-
mann surfaces S0 with possibly several parts (at most s + 1) which are
punctured Riemann spheres. The asymptotics claimed above follows im-
mediately from [F2], Lemma 4.2’, as τ ′ → 0 ∈ Cg while τ ′′ ∈ Cs varies
within a compact subset of the set
D′′0 := {τ ′′ ∈ Cs||τ ′′| ≤ 1} ∩
s⋂
i=1
{τ ′′ ∈ Cs|τg+i 6= 0} .
Let J ⊂ {g + 1, . . . , g + s} and let τ ′′J = (τj)j∈J ∈ C#J . By [F2],
Lemma 4.2, the derivative of the period matrix dΠ(τ)/dµ has well defined
asymptotics as τ ′ → 0 ∈ Cg and τ ′′J → 0 ∈ C#J under the condition that
|τ ′′| ≤ 1. By [F2], Lemma 4.2, the asymptotics of the matrix dΠ(τ)/dµ
as τ ′ → 0 does not depend, up to uniformly bounded terms, on τ ′′ ∈ D′′0
and is given by formula (29). Thus the general asymptotics claimed above
follows. 
We remark that it is also possible to give a more direct proof of Lemma 6
based on [F2], Lemma 4.2, along the lines of the proof of Lemma 4.2’. The
main difference lies in the fact that in general case the limit meromorphic
differentials are supported in general on pinched Riemann surfaces com-
posed of several punctured Riemann spheres. This feature makes essentially
no difference in the calculations carried out in [F2], Lemma 4.2’.
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Corollary 2. If the residues ρ1, . . . , ρg of the limit meromorphic differential
ω0 on S0 are all real (and non-zero), the following asymptotics holds:
(30) ImΠ(τ)−1/2 dΠ
dµ
(τ) ImΠ(τ)−1/2 → −Ig ,
as the pinching parameter τ ′ := (τ1, . . . , τg)→ (0, . . . , 0) in Cg, uniformly
with respect to τ ′′ ∈ Cs, |τ ′′| ≤ 1.
Let P (A) ⊂ H1(M,R) be the Poincaré dual of the Lagrangian subspace
A ⊂ H1(M,R) generated by the system {[a1], . . . , [ag]} and let GA(S,R)
denote the open subset of the Grassmannian of all Lagrangian subspaces
Λ ⊂ H1(M,R) transversal to the Poincaré dual P (A) ⊂ H1(S,R).
Lemma 7. For any Λ ∈ GA(S,R), let BΛτ := {cΛ1 (τ), . . . , cΛg (τ)} be any
Hodge orthonormal basis of the Lagrangian subspace Λ ⊂ H1(S,R) on
the Riemann surface Sτ , for any τ 6= 0. The following limit holds
(31) BRωτ
(
cΛi (τ), c
Λ
j (τ)
)→ −δij , as τ → 0 ,
uniformly with respect to Λ in any given compact subsets of GA(S,R) and
to any family {Bτ} of Hodge orthonormal bases for Λ ∈ GA(S,R).
Proof. Let {θ1(τ), . . . , θg(τ)} be the dual basis of holomorphic differentials
on the Riemann surface Sτ , defined by the standard condition θi(aj) = δij ,
for all i, j ∈ {1, . . . , g}. Let {cΛ1 , . . . , cΛg } ⊂ H1(M,R) be a fixed ba-
sis of the Lagrangian subspace Λ, represented by the system of harmonic
differentials {Re ξ1(τ), . . . ,Re ξg(τ)} on the Riemann surface Sτ . The dif-
ferentials ξ1(τ), . . . , ξg(τ) are holomorphic and form a basis of the space of
holomorphic differentials on Sτ . As a consequence, there exists a complex
g × g invertible matrix ζ(τ) := (ζij(τ)) such that, for all i ∈ {1, . . . , g},
(32) ξi(τ) =
g∑
j=1
ζij(τ) θj(τ) .
Let α, β be the g × g real matrices defined by
(33) αij :=
∫
aj
Re ξi(τ) , βij :=
∫
bj
Re ξi(τ) .
Since the harmonic differential Re ξi(τ) represents the fixed cohomology
class cΛi ∈ H1(S,R), for all i ∈ {1, . . . , g}, the matrices α and β do not
depend on τ ∈ Cg+s. In addition, since Λ ∩ P (A) = {0}, the matrix α is
invertible. By the definition of the dual basis {θ1(τ), . . . , θg(τ)} and of the
period matrix Π(τ) of the Riemann surface Sτ with respect to the canonical
homology basis {[a1], . . . , [ag], [b1], . . . , [bg]}, we have
(34) Re ζ(τ) = α , Im ζ(τ) = (αReΠ(τ)− β) (ImΠ(τ))−1 .
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Let {cΛ1 (τ), . . . , cΛg (τ)} ⊂ H1(M,R) be any orthonormal basis of the sub-
space Λ with respect to the Hodge inner product on Sτ , represented by a
orthonormal system of harmonic differentials {Reh1(τ), . . . ,Rehg(τ)} on
the Riemann surface Sτ .
There exist a real invertible matrix R(τ) := (Rij(τ)) and a complex in-
vertible matrix Z(τ) := (Zij(τ)) such that the basis {h1(τ), . . . , hg(τ)} can
be written in terms of the bases {ξ1(τ), . . . , ξg(τ)} and {θ1(τ), . . . , θg(τ)}
of holomorphic differentials by the formulas
(35) hi(τ) =
g∑
j=1
Rij(τ) ξj(τ) =
g∑
j=1
Zij(τ) θj(τ) .
(We remark that the matrix Z(τ) is the inverse of the matrix C of change of
basis which appears in [F2], formulas (4.5), (4.6) and (8.32)).
By (32) and (35) it follows that Z(τ) = R(τ) ζ(τ), hence by (34),
(36)
ReZ(τ) = R(τ)α ,
ImZ(τ) = R(τ)
(
αReΠ(τ)− β
)
ImΠ(τ)−1 .
Since the matrix α is invertible, we can write
(37) ImZ(τ) = ReZ(τ)
(
ReΠ(τ)− α−1β
)
ImΠ(τ)−1 .
Let B(τ) be the symmetric complex matrix defined as follows:
(38) Bij(τ) := BRωτ
(
cΛi (τ), c
Λ
j (τ)
)
, for all i, j ∈ {1, . . . , g} .
By definition (12), the matrix B(τ) depends on the holomorphic differential
ωτ ∈ H(κ) as well as on the Hodge orthonormal basis {cΛ1 (τ), . . . , cΛg (τ)}
of the Lagrangian subspace Λ ∈ GA(S,R).
Let dΠ(τ)/dµ denote the derivative of the period matrix in the direction
of the Teichmüller flow at the holomorphic differential ωτ ∈ H(κ).
We claim that the following formula holds (see also [F2], formula (8.32)):
(39) B(τ) = Z(τ) dΠ
dµ
(τ)Z(τ)t .
In fact, by Rauch’s variational formula, for all i, j ∈ {1, . . . , g},
Bωτ (θi(τ), θj(τ)) =
ı
2
∫
S
θi(τ) θj(τ)
ω¯τ
ωτ
=
dΠij
dµ
(τ) ,
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since the form Bωτ is bilinear, it then follows from the identities (35) that
(40)
Bij(τ) =
g∑
s,t=1
Zis(τ)Zjt(τ)Bωτ (θs(τ), θt(τ))
=
g∑
s,t=1
Zis(τ)Zjt(τ) [
dΠst
dµ
(τ)] .
According to a classical formula [FK], III.2.3, for any basis {θ1, . . . , θg}
dual to a canonical homology basis {[a1], . . . , [ag], [b1], . . . , [bg]},
ı
2
∫
M
θi ∧ θj = ı
2
g∑
s=1
[
∫
as
θi
∫
bs
θj −
∫
bs
θi
∫
as
θj ] = ImΠij ,
hence the orthonormality condition on the basis {h1(τ), . . . , hg(τ)} yields
δij =
ı
2
∫
S
hi(τ) ∧ hj(τ) =
g∑
s,t=1
Zis(τ) ImΠst(τ)Zjt(τ) ,
hence Z(τ) ImΠ(τ)Z(τ)∗ = Ig (equivalent to [F2], (4.5)). It follows that
(41) ReZ(τ) ImΠ(τ) ReZ(τ)
t + ImZ(τ) ImΠ(τ) ImZ(τ)t = Ig ;
ImZ(τ) ImΠ(τ) ReZ(τ)t − ReZ(τ) ImΠ(τ) ImZ(τ)t = 0 .
A calculation shows that the second identity in formula (41) is equivalent
to the symmetry of the matrix α−1β, a property which will play no role in
the argument. We can rewrite the first identity in (41) as follows. Let
E(τ) := ImΠ(τ)−1/2
(
ReΠ(τ)− α−1β) ImΠ(τ)−1/2 .
By formulas (37) and (41) we have
ReZ(τ) ImΠ(τ)1/2
(
Ig + E(τ)E(τ)
t
)
ImΠ(τ)1/2 ReZ(τ)t = Ig .
It follows from Lemma 5 that the matrix E(τ) → 0 as τ → 0, hence the
invertible matrix ReZ(τ)ImΠ(τ)1/2 converges to the compact subgroup
O(g,R) ⊂ GL(g,R) of g × g real orthogonal matrices. Hence, for all
τ ∈ [C\{0}]g+s near 0, there exist a orthogonal real matrix O(τ) ∈ O(g,R)
and a matrix E′(τ), which converges to 0 in GL(g,R) as τ → 0, such that
(42) ReZ(τ) ImΠ(τ)1/2 = O(τ) (I + E′(τ))
Since O(g,R) is compact, it follows by (37) and (42) that, as τ → 0,
(43) ImZ(τ) ImΠ(τ)1/2 = O(τ) (I + E′(τ))E(τ)→ 0 .
By formulas (42) and (43) it follows that
(44) O(τ) := Z(τ) ImΠ(τ)1/2 → O(g,R) , as τ → 0 .
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Since by formula (39) the matrix B(τ) can be written as
(45) B(τ) = O(τ)ImΠ(τ)−1/2 dΠ
dµ
(τ) ImΠ(τ)−1/2O(τ)t ,
the desired asymptotic formula (31) follows the definition of the matrix
B(τ) in formula (38), from formula (44) and from Corollary 2.
The convergence in (31) is uniform since as the Lagrangian subspace Λ
varies in a compact subset of GA(S,R), the basis {cΛ1 , . . . , cΛg } of Λ (fixed
with respect to the pinching parameter τ ∈ [C \ {0}]g+s) can be chosen so
that the matrices α−1 and β, defined in (33), are uniformly bounded, hence
the matrices E(τ) and E′(τ) converge to 0 uniformly as τ → 0. 
5. NON-UNIFORM HYPERBOLICITY
The proof of the main theorem proceeds by contradiction or contraposi-
tion based on the following corollary of the formulas for the Kontsevich–
Zorich exponents given in section 2.
Lemma 8. Let µ be a SL(2,R)-invariant ergodic probability measure on a
stratum H(κ) of the moduli space of abelian differential. If the Kontsevich–
Zorich cocycle has g − k zero exponents, that is, if
λµk+1 = · · · = λµg = 0 ,
then for µ-almost all ω ∈ H(κ) and for any Hodge-orthonormal isotropic
system {ck+1, . . . , cg} ⊂ H1(Sω,R), Hodge orthogonal and symplectic or-
thogonal to the k-dimensional unstable space E+k (ω) ⊂ H1(Sω,R) of the
cocycle, the following holds:
(46) BRω (ci, cj) = 0 , for all i, j ∈ {k + 1, . . . , g} .
Proof. By the hypothesis on the exponents, it follows that
λµ1 + · · ·+ λµk = λµ1 + · · ·+ λµg ,
hence by the formula on partial sums of exponents (see Theorem 5) and by
the Kontsevich–Zorich formula (see Corollary 1), it follows that
(47)
∫
Hg
Φk(ω,E
+
k (ω))dµ(ω) =
∫
Hg
(Λ1(ω) + · · ·+ Λg(ω))dµ(ω) .
By the definition of the functions Φk in formula (16), it follows that
Φk(ω,E
+
k (ω)) ≤ Λ1(ω) + · · ·+ Λg(ω)
hence by the integral identity (47) equality holds µ-almost everywhere. It
follows that for µ-almost all ω ∈ H(κ) and for any Hodge orthonormal
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isotropic system {ck+1, . . . , cg} ⊂ H1(Sω,R), Hodge orthogonal and sym-
plectic orthogonal to E+k (ω) ⊂ H1(Sω,R), we have:
g∑
i,j=k+1
|BRω (ci, cj)|2 = 0 .
which immediately implies the desired conclusion. 
We finally prove our main result.
Proof of Theorem 2 . Since the measure µ on H(κ) is cuspidal Lagrangian,
there is a holomorphic abelian differential ω0 ∈ supp(µ) such that the prop-
erties (1) and (2) stated in Lemma 4 hold.
Let {ωt|t ≥ 0} denote the forward Teichmüller orbit of the holomorphic
differential ω0 on S0. For each t ≥ 0, the differential ωt is holomorphic on a
(unique) Riemann surface St. Since ω0 has Lagrangian vertical foliation, the
marked abelian differential ωt converges projectively as t→ +∞ to a mero-
morphic differential on a union of punctured Riemann sphere with poles at
all (paired) punctures, obtained by pinching the waist curves {a1, . . . , ag+s}
of all cylinders of the vertical foliation Fvω0 on S0 (see [Ma1], Theorem 3).
Let A := (Fvω0) ⊂ H1(S0,R) be the Lagrangian subspace generated by
the system {[a1], . . . , [ag+s]} ⊂ H1(S0,R). By Lemma 4, the unstable man-
ifold E+(ω0) is well-defined and transverse to the Poincaré dual P (A) ⊂
H1(S0,R). Thus there exists a Lagrangian subspace Λ0 ⊂ H1(S0,R) such
that E+(ω0) ⊂ Λ0 and Λ0 ∩ P (A) = {0}, that is Λ0 ∈ GA(S0,R).
By Lemma 7, for any compact subset G0 ⊂ GA(S0,R), there exists
t(G0) > 0 such that, for all t ≥ t(G0), for all Λ ∈ G0 and for any Hodge
orthonormal basis {cΛ1 (t), . . . , cΛg (t)} of Λ ⊂ H1(S0,R),
|BRωt
(
cΛi (t), c
Λ
j (t)
)
+ δij | ≤ 1/4 .
Let G0 ⊂ GA(S0,R) be any given compact neighborhood of the Lagrangian
subspace Λ0 ⊂ H1(S0,R). Fix any t > t(G0). By continuity of the Hodge
product and of the form Bω with respect to the abelian differential ω ∈
H(κ), there exists a neighboorhoodVt ⊂ H(κ) such that, for all Λ ∈ G0 and
for any Hodge orthonormal basis {cΛ1 (ω), . . . , cΛg (ω)} of Λ ⊂ H1(S0,R),
|BRω
(
cΛi (ω), c
Λ
j (ω)
)
+ δij | ≤ 1/2 .
Let V be a neighborhood of ω0 in H(κ) such that gt(V) ⊂ Vt and such
that for any ω ∈ V ∩ Pκ, the unstable subspace E+(ω) is contained in a
Lagrangian subspace Λω ∈ G0. Since ω0 is a density point of Pκ, by the
Teichmüller invariance of the measure, the set Pκ(t) := gt(Pκ ∩ V) has
positive µ-measure. By construction gt(Pκ ∩ V) and, for all ω ∈ Pκ ∩ V,
the unstable space E+(gtω) = E+(ω) ⊂ Λω ∈ G0. It follows that for all
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ω ∈ Pκ(t) and for any Hodge orthonormal basis {c1(ω), . . . cg(ω)} of the
Lagrangian subspace Λω ⊂ H1(S0,R),
(48) |BRω (ci(ω), ci(ω)) | ≥ 1/2 , for all i ∈ {1, . . . , g} .
Let us assume that there exists k < g such that λµk > λ
µ
k+1 = 0. It follows
from Lemma 8 that, for µ-almost all ω ∈ H(κ) and for any Hodge orthonor-
mal isotropic system {ck+1, . . . , cg} ⊂ H1(Sω,R), Hodge orthogonal and
symplectic orthogonal to E+(ω) ⊂ H1(Sω,R),
(49) BRω (ci, ci) = 0 , for all i ∈ {k + 1, . . . , g} .
Since by construction E+(ω) ⊂ Λω for all ω ∈ Pκ(t), there exists a Hodge
orthonormal basis {c1(ω), . . . , cg(ω)} such that {c1(ω), . . . , ck(ω)} is a ba-
sis of E+(ω). However, since Pκ(t) has positive µ-measure, both the esti-
mate (48) and the identity (49) hold on Pκ(t) leading to a contradiction. It
follows that all the Kontsevich–Zorich exponents are all non-zero. 
For the sake of completeness we sketch below the proof of Theorem 3
following the argument given in [F2], Cor. 5.4, and [FMZ2].
Proof of Theorem 3. If µ is Lagrangian, there exists ω ∈ supp(µ) such that
the form BRω has maximal rank. In fact, let ω0 ∈ supp(µ), be a holomorphic
abelian differential with Lagrangian vertical foliation. The marked abelian
differential gtω converges projectively to a meromorphic differential on a
union of punctured Riemann spheres with poles at all (paired) punctures. It
follows from Lemma 7 that for t > 0 sufficiently large the form BRgtω has
maximal rank. By continuity there exists an open set U ⊂ H(κ) of positive
µ-measure such that BRω has maximal rank for all ω ∈ U. By an elementary
linear algebra argument, since BRω has maximal rank, the existence of a
Hodge orthonormal Lagrangian system {c1, . . . , cg} ⊂ H1(S,R) such that
BRω (ci, cj) = 0 , for all i, j ∈ {r + 1, . . . , g} ,
implies that r ≥ g/2. Thus the result follows from Lemma 8. 
6. FUNDAMENTAL APPLICATIONS
6.1. Veech surfaces. The case of the Veech surfaces (n-gons) found by
W. Veech in [V3] was one of the original motivation of the construction in
[F2], in particular it inspired the notion of a Lagrangian measured foliation
and the related focus on meromorphic abelian differentials on spheres with
2g paired punctures at the boundary of the moduli space. P. Hubert has
recently explained to the author that the relevant properties of the Veech
n-gons of [V3] are in fact shared by a larger class of Veech surfaces, called
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algebraically primitive Veech surfaces. For all SL(2,R)-invariant probabil-
ity measure associated to algebraically primitive Veech surfaces, the non-
uniform hyperbolicity of the Kontsevich–Zorich cocycle follows from the
formulas of Bouw-Möller [BMo] for individual exponents. We remark that
from the Bouw-Möller formulas it seems possible to construct examples
of non-uniformly hyperbolic SL(2,R)-invariant probability measures with
multiple exponents.
We briefly recall below basic definitions concerning Veech surfaces.
Let ω be an abelian holomorphic differential on a Riemann surface S (or
equivalently, let (S, ω) be a translation surface). The SL(2,R)-orbit of ω in
the Teichmüller space of abelian differentials is called its Teichmüller disk
(it is in fact isomorphic to the unit tangent bundle of a Poincaré disk).
The stabilizer SL(ω) < SL(2,R) of ω is a Fuchsian group, called the
Veech group. A translation surface (S, ω) is called a Veech surface if and
only if the Veech group SL(ω) is a lattice in SL(2,R). In [V3] Veech proved
that if the Veech group is a lattice a dichotomy holds for the directional
flows of the translation surface: a directional flow is either uniquely ergodic
or it is completely periodic.
By definition, the SL(2,R)-orbit of a Veech surface in the moduli space
Hg of abelian differentials is isomorphic to an immersed hyperbolic surface
of finite volume. The (normalized) canonical hyperbolic measure supported
on the SL(2,R)-orbit of a Veech surface in Hg is a fundamental example of
a SL(2,R)-invariant probability measure on Hg.
An important invariant of a Veech surface is the trace field of its Veech
group, that is, the group generated by all the traces of elements of the Veech
group. By a theorem of R. Kenyon and J. Smillie [KS], the trace field of a
translation surface of genus g ≥ 1 has degree at most g over Q.
Definition 5. (see [Mö1], §2) A Veech surface (S, ω) of genus g ≥ 1 is
called algebraically primitive if the trace field of its Veech group SL(ω) has
exactly degree g over Q, that is, it has maximal degree.
We recall that a Veech surface is called geometrically primitive if it is
not a branched cover over another Veech surface (of lower genus). While
any algebraically primitive Veech surface is geometrically primitive, the
converse is not true in genus g ≥ 3 (see [Mö1], §2, and [Mc2]).
We introduce below a class of Veech surfaces, which includes all alge-
braically primitive Veech surfaces and many examples of geometrically, but
not algebraically, primitive Veech surfaces (as well as many non-primitive
surfaces) to which our criterion applies.
Definition 6. A translation surface (S, ω) will be called decomposable if
the set P(ω) ⊂ P1(R) of completely periodic directions has at least two
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distinct elements. It is called a prelattice surface (or a bouillabaisse surface,
see [HuLa]) if its Veech group SL(ω) contains two transverse parabolic
elements. Any prelattice surface has two completely periodic transverse
directions (and in each direction the surface split as a union of flat cylinders
with commensurable moduli [V3]). In particular, it is decomposable.
Let (S, ω) be a decomposable translation surface. For any pair of dis-
tinct (transverse) directions α, β ∈ P(ω), the intersection matrix Eω(α, β)
is defined as follows (see [V3], [HuLa]). Let {Cαi |i ∈ {1, . . . , r}} and
{Cβi |i ∈ {1, . . . , s}} be the families of all flat cylinders in the direction
α and β ∈ P(ω) respectively. The matrix Eω(α, β) is the r × s non-
negative integer matrix such that Eωij(α, β) is equal to the number of par-
allelograms in the intersection Cαi ∩ Cβj . In other terms, the non-negative
integer Eωij(α, β) is equal to the (algebraic) intersection number of the (pos-
itively oriented) waist curves γαi and γβj of the cyclinders Cαi and Cβj re-
spectively.
Definition 7. The homological rank r(ω) ∈ {0, 1, . . . g} of a decomposable
translation surface (S, ω) of genus g ≥ 1 is the integer defined as follows:
r(ω) := max{ rank Eω(α, β)|α 6= β ∈ P(ω)} .
We remark that it is quite immediate to prove that the homological rank
of a translation surface is at most equal to its genus. In fact, the waist curves
of any cylinder decomposition generate an isotropic subspace of the homol-
ogy with respect to the intersection form. Since the dimension of isotropic
subspace is at most equal to the genus of the surface, our conclusion fol-
lows.
We can thus state the main application of our criterion to Veech surfaces:
Theorem 6. Let µω denote the unique SL(2,R)-invariant probability mea-
sure on the moduli space Hg supported on the SL(2,R)-orbit of a Veech
surface (S, ω) ∈ Hg. If the Veech surface has maximal homological rank,
then the Kontsevich–Zorich cocycle is non-uniformly hyperbolic. In fact,
the following general statement holds. Let r := r(ω) ∈ {1, . . . , g} denote
the homological rank of a Veech surface (S, ω). The Kontsevich–Zorich
exponents satisfy the inequalities:
λµω1 = 1 > λ
µω
2 ≥ · · · ≥ λµωr > 0 .
Proof. It is immediate to verify that the measure µω has a local product
structure and it is cuspidal. By definition its homological dimension is at
least equal to the homological rank of the Veech suface (S, ω). In fact, if
α ∈ P(ω) is a completely periodic direction of homological dimension at
most d ∈ {1, . . . , g}, then by definition the rank of the intersection matrix
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Eω(α, β) is at most d, for all β 6= α ∈ P(ω). The statement then fol-
lows from Theorem 2, in case the homological rank is maximal, and from
Theorem 4 in general. 
We are very grateful to P. Hubert for telling us about the following result
from [HuLa], §2.5. We sketch the argument for the convenience of the
reader.
Lemma 9. Any prelattice (bouillabaisse) algebraically primitive transla-
tion surface has maximal homological rank. In fact, for any prelattice sur-
face the rank of the trace field is at most equal to its homological rank.
Proof. Let α 6= β ∈ P(ω) be two transverse parabolic directions of a prelat-
tice surface (S, ω). Let us denote the width and heights vectors of the cylin-
ders Cαi and C
β
j respectively by (wαi , hαi ) and (w
β
j , h
β
j ). We remark that
by construction the width vectors wαi and w
β
j ∈ R2 have directions α and
β ∈ P 1(R) respectively for all i ∈ {1, . . . , r}, j ∈ {1, . . . , s} .
Let E := Eω(α, β) be the intersection matrix. Let
(50)
x := (|wα1 |, . . . , |wαr |) , y := (|hα1 |, . . . , |hαr |) ,
ξ := (|wβ1 |, . . . , |wβs |) , η := (|hβ1 |, . . . , |hβs |) .
By construction the following identities hold:
(51)
{
x = Eξ ,
η = Ety .
Up to taking a power of the parabolic elements, one can assume that the
parabolic elements P α, P β ∈ SL(ω) corresponding respectively to the par-
abolic directions α, β ∈ P(ω), are each a multiple of the Dehn twist of each
cylinder Cαi , C
β
j for all i ∈ {1, . . . , r}, j ∈ {1, . . . , s}. Under this assump-
tion there exist numbers a, b ∈ R+ such that, with respect to a system of
cordinates with axis parallel to the directions {α, β},
P α =
(
1 a
0 1
)
and P β =
(
1 0
b 1
)
By construction all the ratios xi/yi are commensurable with a and all the
rations ξj/ηj are commensurable with b, that is, there exist integer vectors
(m1, . . . , mr) ∈ Zr and (n1, . . . , ns) ∈ Zs such that{
mixi = ayi , for all i ∈ {1, . . . , r} ;
njηj = bξj , for all j ∈ {1, . . . , s} ;
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Let Dm := Diag(m1, . . . , mr) and Dn := Diag(n1, . . . , ns). The above
equations can be written in matrix fom as
(52)
{
Dmx = ay ,
Dnη = by .
By equations (51) and (52) it follows after some calculations
(53)
{
EDn(E
t)Dmx = (ab)x ,
(Et)DmEDnη = (ab)η .
It follows that the real number t := ab is an eigenvalue of the matrices
EDn(E
t)Dm and (Et)DmEDn. Since the rank of both the above matrices
is less or equal than the rank of the intersection matrix E, which by defini-
tion is less or equal to the homological rank r(ω) of the translation surface,
it follows that t ∈ R is an algebraic number of degree at most equal to
r(ω). Finally, it is proved in [HuLa], Claim 2.1, that the trace field of the
Veech group SL(ω) is equal to Q[t], hence its degree is bounded above by
the homological rank r(ω). The argument is thus completed. 
By Theorem 6 and Lemma 9 we can prove the following result, which
can also be derived from the formulas of I. Bouw and M. Möller for single
Kontsevich–Zorich exponents (see [BMo], Thm. 8.2 and Cor. 8.3):
Corollary 3. Let µω denote the unique SL(2,R)-invariant probability mea-
sure on the moduli space Hg supported on the SL(2,R)-orbit of a Veech
surface (S, ω) ∈ Hg. If the Veech surface is algebraically primitive, then
the Kontsevich–Zorich cocycle is non-uniformly hyperbolic. In fact, the
following general statement holds. Let r ∈ {1, . . . , g} denote the rank of
the trace field of the Veech group SL(ω) of a Veech surface (S, ω). The
Kontsevich–Zorich exponents satisfy the inequalities:
λµω1 = 1 > λ
µω
2 ≥ · · · ≥ λµωr > 0 .
An important family of geometrically primitive Veech surfaces, not al-
gebraically primitive, given by Prym eigenforms in genus 3 and 4, was
discovered by C. McMullen [Mc2]. The Prym class contains an example
discovered earlier by M. Möller [Mö1],§2 (studied earlier in [HuS]). In
genus 3 it appears that most geometrically primitive Veech surfaces are not
algebraically primitive. In fact, conjecturally there are only finitely many al-
gebraically primitive Veech surfaces (in fact, M. Bainbridge and M. Möller
[BaMo] have recently proved a finiteness result for the stratum H(3, 1)),
while there are infinitely many geometrically, but not algebraically, primi-
tive Veech surfaces (the geometrically primitive Prym eigenforms).
All Prym eigenforms have a quadratic trace field, hence they are not al-
gebraically primitive in genus 3 and 4. However the following result holds:
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Lemma 10. All Prym eigenforms (geometrically primitive or not) in genus
g = 2, 3 and 4 have maximal homological rank.
Proof. The intersection matrices for the Prym eigenforms are computed in
[Mc2] (see for instance Figure 1 which gives the corresponding Coxeter
graphs). The result is as follows. Let EPg denote intersection matrices for
the Prym eigenforms in genus g ∈ {2, 3, 4}. The following formulas hold:
EP2 =
(
1 0
1 1
)
, EP3 =
0 0 10 1 0
1 1 0
 , EP4 =

0 0 1 0
1 1 1 0
0 1 1 1
0 1 0 0
 .
It is quite immediate to verify that the above matrices have maximal rank.

Corollary 4. The Kontsevich–Zorich cocycle is non-uniformly hyperbolic
with respect to the unique SL(2,R)-invariant probability measure µω on the
moduli space Hg supported on the SL(2,R)-orbit of any Prym eigenform
ω ∈ Hg in genus g = 2, 3 or 4.
6.2. Canonical measures. In the proof of the non-uniform hyperbolicity
of the Kontsevich–Zorich cocycle with respect to the canonical absolutely
continuous SL(2,R)-invariant probability measures on connected compo-
nents of strata of the moduli space of abelian differentials, a key result is
the following density statement (see [F2], Lemma 4.4):
Lemma 11. The subset of Lagrangian abelian differentials is dense in every
stratum H(κ) ⊂ Hg of the moduli space of abelian differentials.
Proof. Let F(κ) be the set of isotopy classes of all orientable measured
foliations which can be realized as horizontal (or vertical) foliation of an
abelian differential in H(κ). The multiplicative group R+ of non-zero real
numbers acts on F(κ). Let (F(κ)× F(κ)) /R+ denote the quotient of the
product space F(κ)× F(κ) with respect to the diagonal action.
The map H(κ)→ (F(κ)× F(κ)) /R+ defined as
ω → [(Fhω,Fvω)] ∈ (F(κ)× F(κ)) /R+ , for all ω ∈ H(κ) ,
is locally well-defined and open on the stratum H(κ).
We claim that the set of Lagrangian foliation is dense in F(κ). The proof
of the claim will conclude the argument.
Let F := {ηF = 0} ∈ F(κ) be an orientable measure foliation on a sur-
face S of genus g ≥ 1 and let Σ ⊂ S be the subset of its singular points.
It follows from Poincaré recurrence theorem that F is completely periodic
whenever the relative cohomology class [ηF] ∈ R · H1(S,ΣF,Z), hence in
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particular whenever [ηF] ∈ R ·H1(S,ΣF,Q). It follows that completely pe-
riodic foliations are dense in F(κ). In fact, by A. Katok local classification
theorem, the relative period map
F → [ηF] ∈ H1(S,ΣF,R)
is local homeomorphism on the space F(κ).
Let F be completely periodic. In this case, the surface can be decom-
posed, by cutting along the singular leaves, into a finite union of cylindrical
components whose number is at most 3g−3. Let P : H1(S,R)→ H1(S,R)
be the (symplectic) map given by the Poincaré duality. We claim that, if F
is completely periodic, then P−1[ηF] ∈ (F). More precisely, if {a1, . . . , as}
are the oriented waist curves of the cylinders {A1, . . . , As} of F, which are
respectively of transverse heights {h1, . . . , hs}, then
(54) P−1[ηF] =
s∑
i=1
hi [ai] ∈ H1(S,R) .
In fact, if γ ⊂ S is any simple oriented closed curve, then γ ∩ Ai is ho-
mologous to ([ai]∩ [γ]) · vi relative to ∂Ai, where vi is a positively oriented
vertical segment joining the ends of Ai. Hence formula (54) follows. Let
L(F) ⊂ H1(S,R) denote the isotropic subspace generated by the homology
classes of the regular leaves of F and let d(F) := dimL(F) ∈ {1, . . . , g}.
If d(F) = g, then F is a Lagrangian measured foliation. Let us assume
d(F) := d < g and let us construct an arbitrarily small perturbation F′ of
the foliation F such that d(F′) > d.
Let {a1, . . . , ad} be a maximal system of regular leaves of F such that
the system of homology classes {[a1], . . . , [ad]} is linearly independent in
H1(S,R), hence it is a basis of the isotropic subspace (F) ⊂ H1(S,R).
Since d < g, there exists a smooth closed curve γ ⊂ S such that [γ] 6∈ (F),
(55) γ ∩ aj = ∅ , for all j ∈ {1, . . . , d} , and γ ∩ ΣF = ∅ .
The existence of a curve γ ⊂ S with the above properties can be proved
as follows. Since d < g, there exists a closed surface S ′ of strictly positive
genus with 2d distinct paired punctures p±1 , . . . , p±d ∈ S ′ such that the open
surface S \ (∪{a1, . . . , ad}) is homeomorphic to the surface
S ′′ := S ′ \ {p+1 , p−1 , . . . , p+d , p−d } .
Since S ′ has strictly positive genus, there exists a continuous closed curve
γ′ ⊂ S ′′ ⊂ S ′ such that [γ] 6= 0 ∈ H1(S ′,Z). Let γ ⊂ S be any smooth
curve isotopic to the image of γ′ ⊂ S ′ in S \ (∪{a1, . . . , ad}).
Let us construct a representative of the Poincaré dual P [γ] ∈ H1(S,Z)
supported in a compact subset of the open set
S \ (∪{a1, . . . , ad} ∪ ΣF) .
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By (55) there exists an open tubular neighborhood U ⊂ S of γ such that
(56) U ∩ ai = ∅ , for all j ∈ {1, . . . , d} , and U ∩ ΣF = ∅ .
Let V ⊂⊂ U be an open tubular neighborhood of γ in U. Let U± be the two
connected components of the open set U \ γ and let V± := V ∩ U±. Let
f : S → R be a function, smooth on S \ γ, with the following properties:
(57) f(p) =
{
0 , for all p ∈ U− ∪ (S \ U+) ;
1 , for all p ∈ V+ .
For any r ∈ Q \ {0}, the 1-form ηr := ηF + rdf is smooth and closed (but
not cohomologous to ηF!) and ηr → ηF, as r → 0, in the space of smooth
1-forms on S. Since df = 0 on S \ U, ηr ≡ ηF in a neighbourhood of ΣF,
hence, if r 6= 0 is sufficiently small, ηr(p) = 0 if and only if p ∈ ΣF, and the
isotopy class of the orientable measured foliation Fr := {ηr = 0} belongs
to the space F(κ). Since r ∈ Q, the fundamental class [ηr] ∈ H1(S,ΣF;Q),
hence Fr is periodic. The simple closed curves a1, . . . , ad are regular leaves
of Fr. In fact, df = 0 on S \ U and ∪{a1, . . . , ad} ⊂ S \ ∪U, hence
ηr ≡ ηF in a neighbourhood of ∪{a1, . . . , ad}. It follows that a1, . . . , ad are
also regular leaves of the foliation Fr, hence the isotropic subspace (Fr) ⊂
H1(S,R) generated by the homology classes of the regular leaves of the
perturbed foliation Fr contains the isotropic subspace (F) generated by the
homology classes of the regular leaves of the foliation F.
We claim that (Fr) 6= (F), hence dim (Fr) > d := dim (F). In fact, if
equality holds P−1[ηr] ∈ (F) by formula (54). However, P−1[ηF] ∈ (F),
again by formula (54), and P−1[df ] = [γ] 6∈ (F) by construction, hence
P−1[ηr] = P
−1[ηF] + rP
−1[df ] 6∈ (F) .
The claim is thus proved.
By a finite iteration of the previous construction, we can show that the clo-
sure in F(κ) of the subset of all Lagrangian measured foliations contains
the subset of all periodic measured foliations. Hence it coincides with the
entire space F(κ). The density lemma is therefore proved. 
By the above density lemma, we can derive from our criterion the non-
uniform hyperbolicity of the Kontsevich–Zorich cocycle for all canonical
(absolutely continuous) SL(2,R)-invariant measures on connected compo-
nents of strata of abelian differentials (see [F2], [AvV]). The resulting proof
is a simplified version of the original proof given in [F2], Thm. 8.5.
Corollary 5. All canonical measures on connected components of strata of
abelian differentials are cuspidal Lagrangian, hence the Kontsevich–Zorich
cocycle is non-uniformly hyperbolic with respect to all such measures.
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Proof. In the coordinates given by the relative period map, all canonical
measures are (locally) equivalent to the Lebesgue measure and the invariant
foliations of the Teichmüller flow are linear. It follows that canonical mea-
sures have a local product structure. By Lemma 11 every canonical mea-
sure is Lagrangian (on every connected component), hence by definition it
is cuspidal Lagrangian. By Theorem 2 the Kontsevich–Zorich cocycle is
non-uniformly hyperbolic with respect to all such measures. 
APPENDIX A. OTHER RELEVANT EXAMPLES
BY CARLOS MATHEUS
In this Appendix, we present some examples of closed SL(2,R)-orbits
generated by square-tiled surfaces which provide interesting examples in
the discussion on G. Forni’s geometric criterion for the non-uniform hyper-
bolicity of the Kontsevich–Zorich cocyle (KZ cocycle for short).
During the preparation of his manuscript about his geometric criterion for
the non-vanishing of Lyapunov exponents of the Kontsevich–Zorich cocy-
cle , G. Forni asked me some natural questions originating from his paper.
In particular, the following two questions arose:
• are there some examples of cuspidal LagrangianSL(2,R)-invariant
ergodic probability measures with non-simple Lyapunov exponents
on the corresponding Kontsevich–Zorich spectrum?
• are there some examples of cuspidal SL(2,R)-invariant ergodic
probability measures whose homological dimension is strictly less
than the number of positive Lyapunov exponents on the correspond-
ing Kontsevich–Zorich spectrum?
We refer to Definition 3 and Definition 4 of the Introduction for more
details on the terms marked in italic (namely, cuspidal, Lagrangian and
homological dimension).
The first question is related to Theorem 2 of the Introduction and the
simplicity theorem of Avila and Viana [AvV]: in fact, as pointed out by
G. Forni in the Introduction, while his Theorem 2 shows that any cuspidal
Lagrangian SL(2,R)-invariant ergodic probability is non-uniformly hyper-
bolic (i.e., 0 doesn’t belong to the Kontsevich–Zorich spectrum of this mea-
sure), it doesn’t provide any hints about the simplicity of the KZ cocycle
(i.e., the multiplicity of the Lyapunov exponents is 1). In Section A.1 of
this Appendix, we present certain regular (i.e., unbranched) double-covers
of genus 2 square-tiled surfaces leading to cuspidal Lagrangian SL(2,R)-
invariant ergodic probabilities with multiple (i.e., non-simple) Kontsevich–
Zorich spectrum. These examples (together with the “stairs
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cyclic covers mentioned in the Introduction) provide some square-tiled sur-
faces such that the canonical SL(2,R)-invariant ergodic probability mea-
sure supported on its SL(2,R)-orbit is cuspidal Lagrangian with multiple
(non-vanishing) Lyapunov exponents of the KZ cocycle (see Theorem 7
below), so that the first question has a positive answer.
The second question is related to Theorem 4 of the the Introduction:
while this theorem ensures that any cuspidal SL(2,R)-invariant ergodic
probability measure with homological dimension k ∈ {1, . . . , g} has k
strictly positive Lyapunov exponents in its Kontsevich–Zorich spectrum at
least, and the lower bound on the number of non-vanishing Kontsevich–
Zorich exponents provided by this result is the best possible in view of the
maximally degenerate examples [F3], [FM] of cuspidal SL(2,R)-invariant
ergodic probabilities with homological dimension 1 and exactly one non-
vanishing Kontsevich–Zorich exponent (see also [FMZ1]), it doesn’t give
upper bounds on the number of non-vanishing Kontsevich–Zorich expo-
nents based on the homological dimension. In Section A.2 of this Appen-
dix, as it was suggested by G. Forni during our conversations, we show that
a family of square-tiled cyclic covers indexed by odd integers q ≥ 3 stud-
ied by J.-C. Yoccoz and myself (see [MY], § 3.1) give cuspidal SL(2,R)-
invariant ergodic probabilities with homological dimension 1 such that the
number of non-vanishing Kontsevich–Zorich exponents equal to 1 + (q −
3)/2 when q = 3 (mod 4) and 1 + (q − 1)/2 when q = 1 (mod 4), so that
the answer to the second question is also positive (see Theorem 8 below).
Closing this introduction, I would like to acknowledge G. Forni for his
kind invitation to contribute with this Appendix, A. Zorich for allowing me
to use his excellent computer programs in order to numerically test some
ideas and conjectures, and G. Forni and A. Zorich for several fruitful dis-
cussions.
A.1. Cuspidal Lagrangian measures with multiple spectrum. Given an
Abelian differential ωS on a Riemann surface S, one can produce further
examples of Abelian differentials on Riemann surfaces by the following
covering procedure: given a (possibly ramified) covering p : R → S of
Riemann surfaces, we can define an Abelian differential ωR by pulling back
ωS under the covering map p, i.e., ωR = p∗(ωS). In this situation, we
can relate the Kontsevich–Zorich spectrum L(S, ωS) of (S, ωS) with the
Kontsevich–Zorich spectrum L(R, ωR) of (R, ωR):
Lemma 12. Let p : R → S be a possibly ramified covering. Then, for any
Abelian differential ωS on S, we have the inclusion L(S, ωS) ⊂ L(R, ωR),
where ωR := p∗(ωS). In other words, any Kontsevich–Zorich exponent of
(S, ωS) is also a Kontsevich–Zorich exponent of (R, p∗(ωS)).
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Remark 2. While this elementary lemma is a common knowledge of several
authors (for instance, G. Forni and A. Zorich were aware of it for quite a
long time), I included a brief indication of its proof for sake of completeness.
Proof. A direct inspection of the definitions (see Section 2 of the main ar-
ticle) shows that the covering p : R → S induces a natural injective linear
isometry
(H1(S,R), ‖.‖ωS)→ (H1(R,R), ‖.‖ωR),
where ‖.‖ω stands for the Hodge norm on H1(M,R). The desired lemma
follows from Lemma 2.1’ of [F2] (or equivalently, Lemma 4.3 of [F3]). 
In the sequel, we’ll specialize this covering procedure to the case of dou-
ble unramified covers p : R → S of a square-tiled surface1 (S, ωS) of
genus 2. In this situation, (R, ωR := p∗(ωS)) is a square-tiled surface
of genus 3. Of course, since we’re dealing with unbranched coverings, if
(S, ωS) ∈ H(2) (i.e., ωS has one double zero), then (R, ωR) ∈ H(2, 2) (i.e.,
ωR has two double zeroes), and if (S, ωS) ∈ H(1, 1) (i.e., ωS has two simple
zeroes), then (R, ωR) ∈ H(1, 1, 1, 1) (i.e., ωR has four simple zeroes). On
the other hand, after the works of M. Bainbridge [Ba] (see also [EKZ2]), we
know that the Kontsevich–Zorich spectrum L(S, ωS) in the case of a genus
2 surface S is:
L(S, ωS) =
{ {1, 1/3} if (S, ωS) ∈ H(2),
{1, 1/2} if (S, ωS) ∈ H(1, 1).
Thus, the preceding lemma implies the following fact:
Corollary 6. Let p : R → S be an unramified double covering of a genus
two square-tilled surface (S, ωS). Then,
L(R, p∗ωS) ⊃ {1, 1/3} if (R, p∗ωS) ∈ H(2, 2),
L(R, p∗ωS) ⊃ {1, 1/2} if (R, p∗ωS) ∈ H(1, 1, 1, 1).
In order to simplify the exposition, we’ll present our square-tiled sur-
faces in a combinatorial fashion, namely, we label its unit squares (tiles)
using positive integers i = 1, . . . , N and we consider a pair of permuta-
tions (h, v) ∈ SN × SN such that h(i) (resp. v(i)) is the neighbor to the
right (resp. on the top) of the square i. Since our Riemann surfaces are
connected, we require that h and v act transitively on {1, . . . , N}. Also,
since we can relabel the squares (tiles) of our surface without changing it,
1Recall that, in general, (S, ωS) is square-tiled surface when the Abelian differential ωS
has integral periods. Alternatively (and equivalently), we say that (S, ωS) is a square-tiled
surface when its stabilizer SL(S, ωS) (called Veech group) under the natural SL(2,R)
action on the moduli space of Abelian differentials is commensurable to SL(2,Z). For
more details on square-tiled surfaces, see, e.g., [Zo6] and references therein.
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we’ll say that (h0, v0) is equivalent to (h1, v1) whenever they are simulta-
neously conjugated (i.e., there exists φ ∈ SN such that h1 = φ−1h0φ and
v1 = φ
−1v0φ). Below, we will always write permutations through their cy-
cles (and we’ll write even their 1-cycles to make the total number of square
tiles of our surfaces more evident).
Consider the square-tiled surface associated to hS0 = (1, 2)(3) and vS0 =
(1, 3)(2). It is a L-shaped square-tiled surface S0 formed by 3 unit squares
glued via the recipe provided by hS0 and vS0 . We can form double covers
R0 of S0 by taking two copies of S0 and changing the side identifications
conveniently (using a pair of permutations hR0 and vR0). For our purposes,
we take hR0 = (1, 2, 3, 4)(5, 6) and vR0 = (1, 5)(2)(3, 6)(4).
Theorem 7. The canonical (absolutely continuous) SL(2,R)-invariant er-
godic probability measure µR0 supported on the (closed) SL(2,R)-orbit of
the square-tiled surface (R0, ωR0) associated to
hR0 = (1, 2, 3, 4)(5, 6) and vR0 = (1, 5)(2)(3, 6)(4)
is (cuspidal) Lagrangian and its Kontsevich–Zorich spectrum is multiple:
L(R0, ωR0) = {1, 1/3, 1/3}.
Proof. We begin by showing that µR0 is Lagrangian. The vertical foliation
of R0 has 4 cylinders C(1,5), C(2), C(3,6) and C(4) (where the subindices is
composed of the labellings of all squares forming the corresponding cylin-
ders). Denoting by γ(1,5), γ(2), γ(3,6), γ(4) the homology classes of the waist
curves of these cylinders, it is easy to see that they generate a 3-dimensional
subspace of H1(R0,R) (because γ(1,5) = γ(3,6) and γ(1,5), γ(2), γ(4) are lin-
early independent by direct calculation). Since the genus of R is 3, we’re
done.
Next, we compute the Kontsevich–Zorich spectrum of (R0, ωR0). We’ll
accomplish this task with the aid of the following formula of A. Eskin,
M. Kontsevich and A. Zorich [EKZ2] for the sum of Kontsevich–Zorich
exponents associated to square-tiled surfaces:
(58)
λ1 + · · ·+ λg = 1
12
n∑
i=1
mi(mi + 2)
mi + 1
+
1
#SL(2,Z) · P0
∑
Pi∈SL(2,Z)·P0
∑
Pi=∪cylij
hij
wij
.
Here, λ1, . . . , λg are the Kontsevich–Zorich exponents of a square-tiled
surface P0 of genus g belonging to the stratum H(m1, . . . , mn). Also,
SL(2,Z) · P0 denotes the (finite) orbit of P0 under the action of SL(2,Z).
For each Pi ∈ SL(2,Z) ·P0, the decomposition of Pi into maximal horizon-
tal cylinders is denoted by Pi = ∪cylij . Furthermore, hij denotes the height
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of the cylinder cylij and wij is the length of the waist curve of the cylinder
cylij.
In the case of the genus 3 square-tiled surface (R0, ωR0) ∈ H(2, 2), we
combine this formula for the sum of Lyapunov exponents together with our
knowledge of two Lyapunov exponents of (R0, ω0) (from Corollary 6) to
get:
(59) 1 + λ2(R0) + 1
3
=
4
9
+
1
#SL(2,Z) · R0
∑
Ri∈SL(2,Z)·R0
∑
Ri=∪cylij
hij
wij
,
where λ2(R0) is the second Kontsevich–Zorich exponent of (R0, ωR0). This
reduces our task to the computation of SL(2,Z) · R0. Keeping this goal in
mind, we’ll work with the generators T =
(
1 1
0 1
)
and J =
(
0 −1
1 0
)
of SL(2,Z). Their actions on a square-tiled surface presented as a pair
of permutations (h, v) is given by the Nielsen transformations T (h, v) =
(h, vh−1) and J(h, v) = (v−1, h). Put
• hR1 := hR2 := hR3 := hR0 = (1, 2, 3, 4)(5, 6);
• vR1 := (1, 4, 6)(2, 5, 3), vR2 := (1, 6, 3, 5)(2, 4),
vR3 := (1, 2, 6)(3, 4, 5);
• hR4 := hR5 := (1, 5)(2)(3, 6)(4);
• vR4 := hR0 , vR5 := (1, 6, 4)(2, 3, 5);
• hR6 := hR7 := hR8 := (1, 6, 4)(2, 3, 5);
• vR6 := hR0 , vR7 := (1)(2, 6)(3)(4, 5),
vR8 := (1, 5, 3, 6)(2, 4).
Let Ri be the square-tiled surface associated to (hRi , vRi), i = 0, . . . , 8. A
straightforward calculation shows that SL(2,Z) · R0 = {R0, . . . , R8} and
it is organized as follows:
• T (R0) = R1, T (R1) = R2, T (R2) = R3, T (R3) = R0;
• J(R0) = R4 and J(R3) = R0;
• T (R4) = R5 and T (R5) = R4;
• J(R1) = R6 and J(R6) = R1;
• T (R6) = R7, T (R7) = R8, T (R8) = R6;
• J(R7) = R5 and J(R5) = R7;
• J(R8) = R4 and J(R4) = R8;
• J(R2) = R2.
In the literature, each T -orbit is called a cusp. The above description says
that SL(2,Z) · R0 = C1 ∪ C2 ∪ C3 is the disjoint union of 3 cusps, namely,
C1 = {R0, R1, R2, R3}, C2 = {R4, R5} and C3 = {R6, R7, R8}. The con-
tribution of two square-tiled surfaces belonging to a fixed cusp to the sum
appearing in the right-hand side of (59) are equal (because their horizontal
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permutations are the same). Therefore, it suffices to compute this contri-
bution at an arbitrarily chosen surface inside a fixed cusp, multiply it by
the length (size) of this cusp and then sum up over all cusps in order to
determine the sum of the right-hand side of (59). In the case at hand, we
have:
• each surface in the 1st cusp C1 contributes with 14 + 12 = 34 and
#C1 = 4;
• each surface in the 2nd cusp C2 contributes with 2 · 12 +2 · 1 = 3 and
#C2 = 2;
• each surface in the 3rd cusp C contributes with 1
3
+ 1
3
= 2
3
and
C3 = 3.
Plugging this information into (59) (and noting that #SL(2,Z) = 9), we
obtain:
4
3
+ λ2(R0) =
4
9
+
1
9
(
4 · 3
4
+ 2 · 3 + 3 · 2
3
)
=
5
3
,
i.e., λ2(R0) = 1/3 and, a fortiori, L(R0, ωR0) = {1, 1/3, 1/3}. 
A.2. Non-zero exponents beyond the homological dimension. In §3.1
of [MY], the authors introduced a family of closed SL(2,R)-orbits, indexed
by odd integers q ≥ 3, of square-tiled surfaces (Mq, ωq) isomorphic to the
desigularization of the algebraic curve
w2q = zq−2(z2 − 1)
equipped with the (unit area) Abelian differential
ωq =
2
√
2pi
(Γ(1/4))2
z
q−3
2 dz
wq
.
For a pictorial description of these square-tiled surfaces (together with the
zeroes of ωq), see Figure 3 (for the general case), Figure 4 (for q = 3)
and Figure 5 (for q = 5) of [MY]. As pointed out in this article, (M3, ω3)
corresponds to the totally degenerate genus 4 example of [FM] (see also
[FMZ1]), so that this family maybe considered as a natural generalization
of the exceptionally symmetric case q = 3. Generally speaking, (Mq, ωq) ∈
H(q− 1, q− 1, q− 1) (i.e., ωq has 3 zeroes of order (q− 1), and, a fortiori,
the genus of Mq is (3q−1)/2). However, the similarities between the cases
q = 3 and q ≥ 5 end here: for instance, it was proved in [MY] that the
Veech group of (M3, ω3) is SL(2,Z), while the Veech group of (Mq, ωq) is
(60) SL(Mq, ωq) = {M ∈ SL(2,Z) : M ≡ I or M ≡ J mod 2}
for every (odd) q ≥ 5. Also, the Kontsevich–Zorich spectrum of (M3, ω3) is
maximally degenerate (i.e., all but one of the Kontsevich–Zorich exponents
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are zero), while (Mq, ωq) are never totally degenerate when q ≥ 5 (see
Remark 3.2 of [MY]).
The next result shows that the non-maximally degenerate examples asso-
ciated to (Mq, ωq) (q ≥ 5) have homological dimension equal to 1:
Theorem 8. For every odd q ≥ 5, the canonical (absolutely continuous)
SL(2,R)-invariant ergodic probability µq supported on the closed orbit
SL(2,R) · (Mq, ωq) has homological dimension equal to 1 and the number
of strictly positive Kontsevich–Zorich exponents is:
• 1 + (q − 1)/4 when q ≡ 1 (mod 4) or
• 1 + (q − 3)/4 when q ≡ 3 (mod 4).
Proof. Fix q ≥ 5 odd. The description (60) of the Veech group of (Mq, ωq)
shows that it is a index 3 subgroup of SL(2,Z) and
T =
(
1 1
0 1
)
, S =
(
1 0
1 1
)
, ST
are distinct representatives of the cosets of SL(2,Z)/SL(Mq, ωq). There-
fore, we can compute the homological dimension of µq by calculating the
dimensions of the subspaces of H1(Mq, ωq) generated by the homology
classes of the waist curves of cylinders in the horizontal and main diago-
nal (i.e., slope 1) directions. Using the notations of Section §3.1 of [MY],
we have that the waist curves of the two cylinders of (Mq, ωq) along the
horizontal direction are homologous to
∑
i∈Z/q
(σi + σ
′
i) := σ, and the waist
curves of the two cylinders of (Mq, ωq) along the main diagonal direction
are homologous to
∑
i∈Z/q
(σi + σ
′
i + ζi−1 + ζ
′
i+1) := σ+ ζ . It follows that the
homological dimension of µq is equal to 1.
The computation of the number of positive Kontsevich–Zorich exponents
can be done with the aid of the results of [EKZ1]: in fact, (Mq, ωq) is
a square-tiled cyclic cover of type M2q(1, 1, q − 1, q − 1) (in the nota-
tion of [FMZ1]), so that we can use the (action T ∗ of the) automorphism
T (z, w) = (z, ζw), ζ a primitive 2q-th root of unit, of the algebraic curve
Mq to decompose the complex cohomology H1(Mq,C) into a direct sum of
eigenspaces Vk = Ker(T ∗− ζkId), 0 < k < 2q. Using this decomposition,
one can determine the number of positive Kontsevich–Zorich exponents:
the number of positive Kontsevich–Zorich exponents is
(61) #{0 < k < 2q : dimCV 1,0k = dimCV 1,0N−k = 1}
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where V 1,0 denotes the (1, 0)-part of V ⊂ H1(Mq,C). On the other hand,
for a general cyclic cover of type MN(a1, a2, a3, a4), we have that
dimCV 1,0N−k =
4∑
µ=1
{
kaµ
N
}
− 1
where {x} is the fractional part of x. See, e.g., [EKZ1] for more details. In
the particular case of (Mq, ωq), i.e., N = 2q, a1 = a2 = 1 and a3 = a4 =
q − 1, we get
dimCV 1,02q−k = 2
{
k
2q
}
+ 2
{
(q − 1)k
2q
}
− 1.
In particular,
• dimCV 1,02q−k = 0 when 0 < k < q and k even;
• dimCV 1,02q−k = 1 when q < k < 2q and k even;
• dimCV 1,02q−k = 0 when 0 < k < q/2 and k odd;
• dimCV 1,02q−k = 2 when 3q/2 < k < 2q and k odd;
• dimCV 1,02q−k = 1 when q/2 < k < 3q/2 and k odd;
Inserting this information into formula (61), we see that the number of pos-
itive Kontsevich–Zorich exponents of (Mq, ωq) is
#
{
q
2
< k <
3q
2
: k odd
}
=
{
1 + (q − 1)/4 if q ≡ 1(mod 4)
1 + (q − 3)/4 if q ≡ 3(mod 4)
This completes the argument. 
Remark 3. An alternative way of counting the number of positive exponents
of (Mq, ωq) uses Remark 3.2 of [MY]. Using the notation of that paper,
we have that the two-dimensional tautological subspace Hst1 contributes
with the exponent +1 and the other exponents come from Hτ ⊕ H˘ . The
(q − 1)-dimensional subspace Hτ contains only zero exponents (since the
action of the affine group is through a finite group) and H˘ =
q−1⊕
j=1
H˘(ρj)
where H˘(ρj) are 2-dimensional invariant subspaces (under the action of
the affine group) naturally indexed by the powers ρj of the primitive q-th
root of unit ρ := exp(2pii/q). The trace of the actions of the generators
S˜2, T˜ 2 of Aff(1)(Mq, ωq) (the subgroup of the affine group fixing the zeroes
of ωq) as well as the trace of S˜2T˜ 2 on H˘(ρj) were calculated in [MY],
§3.2. The outcome of this calculation is the fact that these traces are < 2
when q/4 < j < q, while the trace of the action of S˜2T˜ 2 is > 2 when
1 ≤ j < q/4. This implies that the affine group of (Mq, ωq) acts on H˘(ρj) by
a compact subgroup (of elliptic matrices) when q/4 < j < q, while it acts
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non-trivially (with some hyperbolic elements) on H˘(ρj) when 1 ≤ j < q/4.
Consequently, the quantity of positive exponents is
1 + #{j : 1 ≤ j < q/4} =
{
1 + (q − 1)/4 if q ≡ 1(mod 4)
1 + (q − 3)/4 if q ≡ 3(mod 4)
Remark 4. By the recent work of A. Eskin, M. Kontsevich and A. Zorich (see
[EKZ1]), it is possible to determine the precise value of the Kontsevich–
Zorich exponents of (Mq, ωq): indeed, going back to the notation of the
proof of the theorem above, the main result of [EKZ1] implies that every
0 < k < 2q with dimCV 1,0k = dimCV
1,0
2q−k = 1 gives rise to a (positive)
Kontsevich–Zorich exponent
λ(k) = 2min{{k/2q}, 1− {k/2q}}.
Taking into account the symmetry λ(k) = λ(2q−k), this means that positive
Kontsevich–Zorich exponents of (Mq, ωq) are
{k/q : 0 < k < q, dimCV 1,0k = dimCV 1,02q−k = 1}
where each value k/q appears with multiplicity 2.
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